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Introduction. In this paper we study the behavior of Wiener integrals

under transformations of the form

(0.1) T:    yit) = „(0 + A(_|i),

where A(.v| t) is a functional depending on the function .%• and the number / and

satisfying certain smoothness conditions. (The number / ranges over the

interval 0 __ ¿ __ 1, and the function x ranges over a measurable subset V of the

space C of continuous functions on 0 __ ¿ __ 1 which vanish when t = 0.) The

smoothness conditions on A(#| /) require in particular that it have a Volterra

derivative K~ix\t, s) such that

d r1
(0.2) SA = — A(.r + kSx \ t)]H=0 =  I     Kix \ t, j)5„(s)_s.

dh Jo

This Volterra derivative is somewhat analogous to the matrix of the partial

derivatives of the n functions which define a transformation in n dimensions

(or, more strictly, to this matrix minus the identity matrix), and hence it is

natural to think of the Fredholm determinant Dix) of Kix\t, s),

Kix | h, h) ■ ■ ■ Kix | tn, íi) i
°°    1   r1        r1

Dix) = i + 22-     ■■■
„_i n\J o Jo

Kix | h, t„) ■ ■ ■ Kix | t„, tn)

dti • • • dt„,

as being analogous to the functional determinant or Jacobian of an «-dimen-

sional transformation. Consequently it is reasonable to think of Dix) as the

"volume element ratio" of y and x, and write

dVy
(0.3) -~ = Dix).

dV x

If we wished to define the "volume elements" separately, we might perhaps

choose dVz arbitrarily and then define dVy by (0.3). However, there are cer-

tain reasons why it is preferable to think of the volume element as being

almost always infinite, and working instead with the "measure element"

which is finite because of the exponentials which occur in the definition of
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the Wiener integral [5]0). Though these exponentials were suggested orig-

inally by probability theory, we shall regard them from a purely analytical

point of view and consider them to be convergence factors. The heuristic

relationship between the "volume element" and "measure element" is sug-

gested by Wiener's definition of a quasi-interval ard its measure. The set Q

of elements ï_C satisfying the following inequalities is called a quasi-

interval :

Q: a,- < xitj) < a,- + Aa¡; j = 1, ■ ■ ■ , n (where 0 = t0 < h < ■ ■ ■ < tn _¡ 1);

and the measure of Q is defined by the integral

»»«?)

1 /»  <*n+A«n /•

i^Ati-Ati- ■ ■ Atny2J a„ Ja

(       »    (A|y)*\
' eXP (   —   __■   - ) dkl •   •   •   -in,

\     í_i    Atj  /

where Atj = f,- — 2,_i and A£,- = & — £,-_i, Ç0 = 0.

(Here A£y is not really an increment, but a difference of two independent

variables. In the limit, however, as the quasi-interval closes down on one

function xit), these A£¿ suggest dxit).) If we drop the factors before the

integral and let n—»°o, At—»0, A„y—»0, some such relationship as the follow-

ing between the measure and volume elements is suggested.

(0.4) „m„ = exp(-r   |—-IrfiW,.

The dubious character of this "equation" is seen not only by the way it is

introduced here, but also because the exponential factor exists only on a set

of x of measure zero in C. (The set of elements xQ) which are absolutely

continuous and hence are the integrals of their derivatives x'it) is known to

be a null set in C. Even if we attempt to interpret the integral in the Hellinger

sense, it is still almost always infinite.) Nevertheless the formalism (0.4) is

very suggestive, and we may take it as defining the "volume element" d Vx in

terms of the "measure element" dwX, the volume element being infinite when

the exponential factor fails to exist. The suggestive value of the formalism

(0.4) is immediately seen if we write the corresponding equation for y

(0.5) dwy = exp (- f   \—~\ dt\dVy

and then eliminate the "volume elements" dVx and dVy between (0.3), (0.4),

(0.5); at the same time rewriting the formal integral which arises from the

difference of the two exponents as a Riemann-Stieltjes integral:

Q) Numbers in brackets refer to the references cited at the end of the paper.
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(0.6)      -^ = _>(x)exP(- J*' |^ [yit) - _(/)]|á[y(0 + *(<)]).

This formula (0.6) for the "measure element ratio" turns out to be mean-

ingful/or all x in C if we sufficiently restrict A; for the difference yit) —xit) is

merely A(„ 11), and we assume hypotheses which cause this to have a deriva-

tive of bounded variation. Thus the integrand d[yit) —xit)]/dt is of B.V. and

the integrator yit) + xit) is continuous, and hence the integral exists in the

strict Riemann-Stieltjes sense.

Not only does the right member of (0.6) turn out to exist for all x£C, so

that the ratio of dwy and dwx is everywhere defined and dwy is known if dwx

is chosen arbitrarily, but it also turns out that the left member behaves as

one would expect in connection with the transformation of integrals. In fact,

we have

(0.7) f   Fiy)dwy=  f   F(y)
«/ rr J r

dwy

dwx
dwx,

or

rr
(0.8)

f   Fiy)dwy
J TT

=  f   FiTx) | Dix) | expí -  f   — [Txit) - xit)]d[Txi¿) + *(/)]) dwx.

It is the purpose of this paper to establish formula (0.8) (and of course

at the same time the equivalent (0.7)) under suitable conditions on A(„|/),

and this is done in Theorems I—V in the body of the paper. The last of these,

Theorem V, is the final and most general theorem, and is the culmination to

which the earlier ones lead.

In §1 certain smoothness conditions on A are introduced which imply the

existence of the Volterra derivative K, and their properties are discussed, and

in §§2, 3 the 1-to-l-ness of the transformation Fand of approximating trans-

formations to it are studied. In §4 an approximating "ra-dimensional" form

of (0.8) (namely (4.2)) is established in Theorem I, and in §§5-8 certain

lemmas are obtained which enable us to take a limit on (4.2) and obtain

Theorem II in §9. Theorem II establishes (0.8) without any restriction to

finite dimensionality, but with a restriction on the size of K, namely,

[fl [i_(x|í, j)]2_s]1/2 _¡X<1. This restriction is removed in §§10-14 through

the use of two local theorems III and IV. The final theorem establishing (0.8)

"in the large" under general conditions is given in §14, Theorem V. This is

obtained by applying the local Theorem IV in a countable set of neighbor-

hoods and then using the complete additivity of the Wiener integral to ob-

tain the result "in the large."
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This paper is the first attack that the authors (or anyone else) have made

upon the subject of nonlinear transformations of Wiener integrals. It does

not, however, contain as special cases all of the results of our paper on linear

transformations [l, b] since the present paper puts stronger smoothness

conditions on the kernel Kix\t, s). In particular, it requires K to be con-

tinuous in / and s for each x, while the Kit, s) of [l, b] is permitted to have a

jump along the diagonal, Jis) =Kis, s~) —Kis, s+). In the present paper the

corresponding Jix\ s) is restricted to be identically zero. The authors hope to

remove this restriction in a future paper, so that the integral transformations

can have kernels of Volterra type as well as Fredholm type.

1. As stated in the Introduction we shall be concerned with transforma-

tions of the form

(1.1) T:    yit) = xit)+Mx\t).

The function x is allowed to vary over some subset S of the space C which

consists of all functions xit) defined and continuous on 0_=/_¡ 1 and vanishing

at t = 0. The variable / is allowed to vary over the interval /: 0 — t = l. Thus

A(.t| t) is defined for (#, t) ES® I, the direct product of S and /. (Similarly if

we say/(/, s) is defined for (/, s)EI2, or (/, s)EI®I, we shall mean that

/(/, s) is defined for all number pairs (/, s) such that i0^t = l, 0_js_=l)). We

let \\x\\ and ||¡x||| denote the norms of x in the Hubert and uniform topologies

respectively; that is, \\x\\ = {fl [xit)]2dt] 1/2and |||„||| = maxt£r |.v(/)| • We say

a subset S of Cis convex if x+viy—x) £ 5 whenever (x, y, v)ES2®I. We deal

in this paper with functionals which are of "smooth variation" in the sense of

the following definition :

Definition. A functional A(x|/) defined on S<S)I, where 5 is a convex

subset of Copen in the uniform topology, will be said to be "of smooth varia-

tion" if its first variation

(1.2) 5A(*| l\y) = —Aix + vy\t)lv=o
dv

exists for all ix, t, y) in S <_> / ® C and is represen table in the form

(1.3) ÔAix\t\y)=Ç   Kix\t, s)yis)ds, ix, t, y) ES ® I ® C;
J o

where _C(„|/, s) is continuous in („, /, s) throughout S®I2 (continuity in x

being understood in the uniform topology). The functional i-(x| t, s) will be

called the kernel of the variation of A—it is the classical Volterra derivative

of the functional A. (See [3, p. 25].)

We note at once that this hypothesis of continuity implies that for each x

in S, K is continuous in x uniformly with respect to all (i, s) in I2. This fol-

lows at once from the fact that we have a two-dimensional Heine-Borel
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theorem in I2. The representation of A in terms of K is given in the following

lemma.

Lemma 1. Let A(x|i) be a functional of smooth variation defined on S®I,

where S is a iuniformly) open convex subset of C, and let __(x| /, s) be the kernel

of its variation. Then if xoES, we have

1.4) A(* | /) «= A(x01 0 + [    ¿» I    K[xo + ix - xo)v | t, s] [„(ä) - x0is)]ds,
Jo        Jo

for all ix, t)ES®I. Moreover the kernel K is completely defined in S®I2 by

the functional A.

To see this, we note that if yEC and x+v0yES and /£/, the variation

ôA(x+foy| t\ y) must exist and by (1.2),

, d
5A(x + v0y\ t\ y) = — A(x + v0y + uy j t) Ju_0

du

d
(1.5) = — A(x -f v0y + iv - vo)y\ 0J»-«.

dv

d .
= — A(x + vy\ f)J«_.,

dv

so that the last member of (1.5) must exist; and by (1.3),

3 ,  ,        r1
(1.6) —A(x + »y |/)],_,.„=  I    Kix + v0y\t,s)yis)ds

dv Jo

when ix+voy, t, y)ES®I®C. But since 5 is convex, if (x, x+y, v)ES2®I,

x+vyES, and hence when (x, x+y, v, t)ES2®I2,

d . r1
(1.7) — Aix + vy\t) =  I    Kix + vy\t,s)yis)ds.

dv J o

Now for fixed x, y, t, the hypothesis on K makes Kix+vy\t, s) continuous

in iv, s) throughout I2 so that the left member of (1.7) is continuous in v,

and we can apply the fundamental theorem of the integral calculus to obtain

dv j     Kix + vy\ t, s)yis)ds
»o J 0

when ix, x+y, v0, Vi, t)ES2®P; and when we substitute x = x0, y=x — x0,

t)0 = 0, Vi = 1, we obtain (1.4) for all (x, t)ES®I.

Finally, to show the uniqueness of K, we choose

(    0, 0 g t g M,
yuit)=\ iu,t)EP,

\t — U, U — t _t  1,
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and note that y„(-)_C for ail „£/. Thus (1.3.) must hold for y=yu so that

when (x, t,u)ES®I2

oA(x | 11 yu) = J    Kix | t, s)yuis)ds = J    i_(x | t, s)is - u)ds.
Jo J «

Thus when (x, /, u)ES®I2,

Kix\t,u) = —-[«A(*   í   y.)] = —-<— A(* + »y«|0 \ ,
a«2 dM2 tdl> J „_0;

and i_ is completely defined when A is given.

Corollary 1. If A is of smooth variation in S®I (5 being a uniformly

open convex subset of C) and K is its kernel, and if A(xo|¿) is a continuous

function of t on I for at least one XoES, then A(x| t) is continuous in t on I for

every fixed xES.

This follows at once from (1.4). Similarly we have the following corollaries.

Corollary 2. 7/A is of smooth variation in S®I having kernel K, and

A(xo| -)EC for some fixed xo in S and __(x|0, s)=0 for all ix, s) in S®I,

then A(x| -)ECfor all x in S.

Corollary 3. If A is of smooth variation in S®I and its kernel K satisfies

the inequality

1/2

if   [Kix\t,s)]2dsj     =\

for all ix, t) in S®I, then A satisfies the Lipschitz condition

|||A(*| -)-A(y| -)px|h-y|| áX|||_-y|U

for all (x, y) in S2. This of course implies that A(x| •) is continuous in both the

uniform and Hilbert topologies.

This follows immediately from (1.4) by means of the Schwarz inequality.

Corollary 4. Let A be of smooth variation in S®I and let its kernel

Kix\t, s) have a partial derivative Ktix\t, s)=dKix\t, s)/dt which is continu-

ous for all ix, t, s) in S®I2 iuniform topology) and let A((xo| t) exist for all I in

I and some one xo in S. Then At(x| t) exists for all ix, t) in S®I and A((x| •)

is continuous in the uniform topology throughout S. In fact

A,(x | t) = Ai(x01 0

(1.8) /•!    r1   r ir !
+ |     dv l    Kt[xo + ix — xo)v\ t, s][xis) — xais) \ds.

Jo       Jo
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Moreover if At(xo-/) is continuous in I, A((x|/) is continuous in (x, t) through-

out S®I iuniform topology) and is bounded in S®I if __t(x|i, s) is bounded

in S®I2 and At(xo|/) is bounded for t on I and S is bounded in the Hilbert

topology. Finally, if Ktix\ t, s) is of bounded variation in t on I for each ix, s)

in S®I and Var<gr [i-t(x|i, s)] is bounded in ix, s) over S®I and A«(xo|/)

is of B. V. for t on I and S is bounded in the Hilbert topology, it follows that

A((x| t) is of B. V. in t on I for each x in S, and Vartgr [At(x| t) ] is bounded in

x on S.

2. Having discussed the functional A, we now consider the transformation

T of (1.1). In the present section we shall not need to assume that A is of

smooth variation, but we shall need to make T take points of C into points of

C. Thus we assume that for each fixed x in C, A(x| ¿) is continuous in t on /

and vanishes at i = 0. This can be more simply stated thus:

(2.1) A(*| •) EC when x E C.

We shall also assume that A satisfies the Lipschitz condition

(2.2) |||A(x| -)-A(y] -')|[| S X|s - y[\\

when (x, y)EC2 for fixed X satisfying

(2.3) 0<X<1.

With these hypotheses we shall prove in the following lemma that T is 1-to-l :

Lemma 2. Let A(x|/) be a functional defined on C®I which satisfies (2.1)

and (2.2) with (2.3). Then T defined as in (1.1):

(2.4) T:   y = * + A(*| •)

»5 a 1-to-l transformation which takes the whole of C into the whole of C.

To establish this, we let xo=y, and in general let

(2.5) xn = y — A(x„_i| •). » = 1, 2, • • • .

Since A(x| •) is in C when x is in C, each of the functions xi, Xs, • • • is in C.

Then

Xn — Xn-i = y — A(x„_i| ■) — y + A(*„_2| •)

and by (2.2),

HI*. -   *n-l|||   =   |||A(Xn_l|   •)   -  A(X„_2|   .)|||   ̂    \HIXn_! -   *n-2|||.

Thus

III*- - *-i1| = x"-1!!*! - *o|||

and by (2.3)
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OC

22 |||*n — *n-i|||   converges.
n=i

Thus 21û=i [xn(/)—xn_i(0] converges uniformly, and lim„.M xn(/) exists uni-

formly . Call it x it). Then x £ C and

(2.6) lim |||x„ - x||| = 0.
n—»»

Now from (2.5), we have

xit) = yit) - lim A(*„_i | t),
n—»»

where the latter limit is uniform. But it follows from (2.2) and (2.6) that

lim A(x„_i | /) = A(x I /) ;
n—*«

SO

xit) = yit) - Aix\t),

and (2.4) is satisfied.

Thus to each element of C there corresponds at least one element x in C

satisfying (2.4).

Moreover, this is the only such x, for if

x + A(x \ ■) = y = x* + A(x* | •),

then x — x*=A(x*| -)— A(x| •)» and

|||x - **||| = ||A(x*| •) - A(x| .)||| = a|||* - **|||,

which can hold only if |||x—x*||| =0 or x(¿) = **(/).

Thus each x in C defines a unique y in C and each y in C defines a unique

x in C, so T is a 1-to-l transformation taking the whole of C into the whole

of C.
3. We next develop «-dimensional approximations to the transformation

(2.4). Let xn(¿) belong to C and be the «-dimensional polygonalization of

xit) ; that is, let

(3.1) *„(—\=x(—Y k = 0, 1, 2, • • • ,n,

while Xnit) is a linear function on each interval ik — i)/n — t^k/n. The nota-

tion [x]„ will also be used to denote x„. Thus

(3.2) Xnit) = [*(/)]„ = 22<xn,kit)x(— )
*-l \ « /

where



1949]     WIENER INTEGRALS UNDER NONLINEAR TRANSFORMATIONS      261

il -\nt - k\    for ik - l)/n = t < (* + 1)/«,
(3.3) _„,*(<) = <

1.0 elsewhere.

Let Tn be the transformation

T„:       yit)   =    [*«)].+   [A([*]n|<)]n

or

F„:    y = x„ + [A(x„| -)]>■•

It is clear that y=yn under these circumstances, and we may thus write

(3.4) T„:    y„ = xn + [A(x„| ■)]„.

If we let

(«>        f k\ ( k\
(3.5) ak = ah    = xi—J = x"\ —)

and

we have from (3.4)

,.       . 00 00 ,(»)       (n) (n)
(3.6) i>A    = afc    +/A  (oi  ,•••,-„ ),

where

oo /     | k\
/*  («i, • • • , an) = AI xn\—)

or (in the notation of (3.3)),

(3.7) /*" («i, ■ • • , an) = A{  22 aia",?'(•)—)•
\ i-i I « /

(The superscript « will cause no confusion since there are no «th derivatives

in this paper.)

Let a or a(n) denote the vector [ajn), a2n), ■ ■ ■ , af] and b or bn the vector

[h, •••,&„] and/<»>(_) the vector _í°(_i, • • • , o,), • • • ,_í°(_i, •••,«■)].

Let us define the «-dimensional norm

n   a\ III   ll!(n)        III   (">|||<n' I      <">|(3.8) |[|a|[|     — |p =    max     | _,-   |.
j_l, ■ •.,n

Clearly

INII = ll!«(">lll(")



262 R. H. CAMERON AND W. T. MARTIN [July

and

¡Mil = UHIl(n)
and

lll/^Wllj'-^llltA^nl   -)]nl||.
Thus

!!!/(«)(_)   _/(.) (a*)|||(n)   =   |||[A(„n|   .)   _  A(;c*|   .)]n|||

(3.9) _;|||A(*„| -)-A(*n*| Olli

= X|||x„ - x*n\\\ = X|||_ - _*|||<B>;

and we have the Lipschitz condition

|||/c«>(_) -/<B>(a*)|||<"> ^ X|||_("' - «*t»)|||(»)

analogous to the Lipschitz condition for A(x).

Now (3.6) takes each vector a into a vector b. However, let b he given and

let us solve (3.6) for a. Dropping superscripts, we write (3.6) as

Tn:    b - a + fid).

Since b is given, choose Ao = b and

(3.10) Av = b-fiAv^i), v=l, 2, •-..

By the Lipschitz condition,

\\\av - ¿-i|||m = ¡||/G4*-i) - fiAv-i)\\\^ _; x||K_i - ¿_,||| »

and (dropping superscripts on norms),

1|[_4„ — -4._xll| = X^pi - A0\\\,

and _j||l-4i>—-4»-i||| converges. Hence

CO

lim  Z|IM*-^-i||| = 0.
t>->»   k=v

But

||("¿ (4»-ilt_i))|| = 22\\\Ak-Ak-i\\\,
III \i—i)+l / III h—v

so

lim m_4 v+p — A „m = 0 uniformly for positive p ;

and limr<_ Av exists. Call it a. Since/ satisfies a Lipschitz condition, it is
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continuous, and taking limits as n—>a> in (3.10), we obtain

a = b — fia).

Thus this vector a satisfies (3.6).

Moreover this vector a is the only solution of (3.6), for if we had two

solutions we would have

a + fia) =b = a*+ fia*)

and

a - a* = fia*) - fia)

and

|||_ - o*||| = |||/(a) - /(_*)||| = X|||a - a*|||
111 III III*'   *     ' •»   '        '111    ^^        111 IM

so that \\\a — o*|||=0 and a=a*.

Hence the transformation Tn is 1-to-l, taking all «-dimensional vectors

a into all «-dimensional vectors b.

This can also be stated thus: Tn is 1-to-l, taking all «-dimensional

polygonal functions xn of C into all «-dimensional polygonal functions y„ of

C. Thus a transformation T^1 is defined which takes all «-dimensional polyg-

onal functions y„ of C into all «-dimensional polygonal functions x„ of C:

(3.11) T~\yn) = Xn.

Moreover if y* has the transform x*, by (3.11) we have

yn = *n + [A(x„| ■)]»    and    y„ = *n + [A(*„ | ■)]•»>

so

Xn — xn = yn — yn — [A(x„| ■)]„ + [A(*„ | ■)]„,

and by (3.9)

|||*:-*n|N|||y:-yn|||+X|||*n*-*n|||

so that

(3.12) HI*: - xn||| =_ (1 - X)-»|||y„ - y.|||.

Thus we have the following lemma.

Lemma 3. Let A(x|¿) be defined on C®I and satisfy (2.1), (2.2), (2.3);

let « be fixed, and letf^iai, ■ • • , _„) be defined as in (3.7). Then f satisfies the
Lipschitz condition (3.9) iwith (3.8)). Moreover the transformation Tn: b = a

+fia) is a 1-to-l transformation of the whole n-dimensional space into itself;
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or if we interpret Tn as in (3.4), it takes the set of all n-dimensional polygonal

f mictions in C into itself.

Finally if T'1 (see (3.11)) denotes the inverse of Tn (see 3.4)), we have for

all polygonal functions y„ and y* in C the Lipschitz condition

\\\TZ\yn) - t:\yH)\\\ = (1 - \f\\\yl - yn\\\.

Here X is the number given in the hypothesis (2.2).

4. We now use Lemma 3 to obtain our first preliminary theorem on the

transformation of Wiener integrals.

Theorem I. Let A(x|i) be defined on C®I and satisfy (2.1), (2.2), (2.3)

and let fkn\ai, ■ ■ ■ , an) be defined by (3.7). Let df^-f /dak exist and be continu-

ous for all j, k, n and all values of _i, „2, • • • , an. Let

(n)

i(»>-i(A7n)
ft

(dfj ) *
(4.1) An m A„(x) = determinant of <—— + 8¡,k>

ij, k = 1, • • • , n).

Let F[y] be any functional for which F[yn] is summable over C. Then

Fiyn)dwy= J    F{x„+ [A(x„ | -.)]„}

'-HM-(.)-^r)ï<H.)
(4.2, -Í"\~)]}

cx|,{""S[A(r";»)"A(*''!J"T1)]}

• I A„(x) | dwx.

We prove this theorem by evaluating both sides of (4.2) in terms of «-di-

mensional Lebesgue integrals. Since F(y„) depends only on the values of y( • )

at the « points 1/«, 2/«, • • • , «/«, it follows that there exists a function

Hirii, ■ ■ ■ , r\n) of « real variables such that

(4.3) *[£«-*(•)»/] = Bin," ■ ,Vn);

that is, such that

Fw - *[»(A). • ■ •. ,(£)].
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Then by Wiener's general theory,

(4.4)

/I  W p  00 s,  00Fiyn)d,vy = «-"'W2 j I    J_(„, • • • , -„)
C J —a " —x

■ exp ^ - n 22 ivi - H-iFràh. ■ • • 'hn

where for convenience we use no = 0.

Now subject the 77's to the 1-to-l transformation of §3 (Lemma 3) Vj =

$i+ffi& •••..!») where

f?ih, • ' • , I») - Alf ¿ £«*»._(-)|—V
\ *_i I »/

Under this transformation the second member of (4.4) becomes

/ n \"'2 c °c c°° ( ) ( j
( — j       J J       H^l+fl     Ox,  ■■■   , ín),   ••.,&, + /.    «„  •   •  .   , {.))

(4.5)   exp |-»¿  (fi - i,_i)2| exp j-2»¿ «,- £,_i)(//n>- /)_!)}

/<B>

exp < -n 22 (/>"   - /i-i) f det 1~_7-^ 5''>*f ¿li • ' • ¿In,
V Í-1 '   I t »I* /   J,*_l,2, ...,nl

where we have used fjf* =|o = 0.

When we transform (4.5) back to a Wiener integral over C, we obtain

the right-hand member of (4.2).

5. We shall of course seek to obtain an infinite-dimensional theorem from

Theorem I by taking the limit as w—>°°. Before we do this, we must study

A(x„| •) and its behavior as «—>» more extensively. We now require the

assumption of §1 that A is of smooth variation.

Lemma 4. Let A(x 11) be of smooth variation onS®I iwhere Sisa iuniformly)

open convex subset of C) and let its kernel K have a partial derivative -v((x| /, s)

which is continuous for all (x, /, s) in S®I2 iuniform topology for x), and let

dA(xo|/)/d£ exist and be continuous for all tin I and some fixed xo in S. Then

if x„ is the n-dimensional polygonalization of x igiven by (3.2) and Í3.3)), for

each x in S we have

(5.1)        ¡¡m » ± [a(.,. I i) - a(*.|^)J - /; [- Hß I «J*

To see this, we first note by Corollary 4 to Lemma 1 that Ai(x|/) exists

and is continuous throughout S®I and that if xES then for sufficiently

large w, x„£5. By the mean value theorem, the limitand of (5.1) is equal to
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i  • fa )2 j- i j
(5.2) — 2_1—A(*» |//.»)>  , -<t,.n< —

«  ,_i (.07 ; « «

Now

I r1 (^      ,  "i2       i ¿fa       ,     12l    , ,
(5.3) \~Aix\t)} dt-22{— A(*» | *,,»)>     __   -li   + | -4_|,

\J o    \dt ) n ¡=i\dt )

where

and

Al " i' l¿A(*| Í)}* - - 22 j^A(*| fy.B)l
Jo    (oí ; n ,_i (.dt )

i   • (a      ,      )2    i   " (a       ,      )2
A2  =  — 22i—Mx\tj.n)}-22i-rMXn\ti.n)}    .

n ,_i {dt ) n ,_i (.0/ )

Now let e>0. Then by definition of the integral there exists an index

A7« - such that \Ai\ <e/2 for « > iV^,. Also by Corollary 4 to Lemma 1, A«(x | • )

is continuous (uniform topology), and there exists an index N't'x such that

{¿A(*|*},-{£A(*,4
r  "

e
< — when « > N[\x, t in I.

2

Hence j _?_L_■ ] <e/2 for n>N'e'x and Lemma 4 holds.

Lemma 5. Let A <z«_ 5 satisfy the hypotheses of Lemma 4 and in addition

assume that Atix0\t) isofB.V. in IandKt[x\t, s] isofB.V. in tfor (x, s)ES®I

and that maxigr |__i[x|/, s]| and Var<£j [_m(x|/, s)] are bounded (x, s) on

S®I. Then for each x in S,

(5.4)

lim » 2_   A ( x„ — ) — A ( x„ -)\\ x[ — ) — * (-)
n^»     ,-_i L   \    I « / \     I     «    /J L   \ n f \    «    /.

To establish this lemma, we note from Corollary 4 of Lemma 1 that

A((x| t) exists and is continuous throughout S®I and is of B.V. in t for each

x in 5". By the mean value theorem, the limitand of (5.4) is equal to

3 - 1 3
-   <   ti.n   <  — ■

n n

Thus
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(5.5) Irr— A(* I i)! Mt) - PÁx)
IJ o   L dt J

_   5i+M>«.

where

Bi m Biix, n)

-1! [„A(*! •]ái«> - ? [„A(* i "■•'] [•(.) - •fr)]-
£¡2 = -B2(*, «)

- Ç KA(x ' *n) - ¿A(" ' ̂ 3 [•(-) " x^r). ■

Now by the definition of a Riemann-Stieltjes integral the expression Bi ap-

proaches zero for each x in C as w—» «j . Moreover by Corollary 4 to Lemma 1,

a      , a       ,
Œ/.ni*) ™ — A(x   /,-,„)-A(x„   *,-,„)

oí dt

=  C   dV f   K,[xn +ix- xn)v\ti,n, s][xis) - x„(s)]_s.
J 0 •* 0

Also

B,_ga,.w[»(i.)_»(_zi)]

= 0„,„(*)*(1) + 22 [o».» - 0«.i.»]*( — ),
Í-1 \ « /

SO

B,\ a|0».,(*)*(l)| + _c|*f—)   f   <^f    l*.[*»+ (*- «-)VI */.., s]
,_i I    \ « / I J o Jo

—   Kt[Xn +  (X —   X„)F |  <i+l,n,  S] | •   |   *(S)   —   *n(s) | ¿S

_i | Í2„,„(*)*(l) | + max | *(<) |j-  f   dV f   Var [__,[*_ + (* - xn)V\t, s]
*£/ Ja Jo     l&

x(s) — *„(s) I _s

g i   max    | _:([x„ + (x - x„)F| t, s]\ ■ \ *(1) | + |||*l|

•  max   Var [K,[x„ + (x - *„)F| i, s]]i -III* - *„|||.
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But the last factor of the product approaches 0 as «—> » since x(2) is uniformly

continuous; while the first factor remains bounded because of the hypotheses

on K,. Thus |_s"2|—>0 as w—>°c, and by (5.5)

'«(*)-*/   [ —A(_|0|_*W.

so the lemma is established.

Corollary. The limit in (5.4) is approached boundedly in S if Sis bounded

in the uniform topology and contains with each x all its polygonalizations x„.

This follows from the inequalities

,    ira i        "f,Td       i d 1  /AI
I  Pnix) |   =       — A(*„|/„.„)    *(1)+__J — A(x„|/j,B)-^A(X„|  tj+l,n)   \x[ — )|

ILa¿ J ,_iLa/ a/ J   \»/l

I a | n_1i a a i
=     — A(*n|<n,n)     ■   |*(1)|  + |||*||| 22    ~ A(*» | //,»)-A(_» | /,> i .„)

I dt ,_i | a/ a/

... ...  (I a
:g \\\x\\\-< — A(*„|/„.n)

(I a/
+ Var [— A(*„|/)   1

t& idt A)

together with Corollary 4 of Lemma 1.

6. We next study the approximation of the Fredholm determinant by

determinants involving polygonalized functions.

Lemma 6. Let A and S satisfy the hypotheses of Lemma 4, let

maX(¡,S)£=/í| Kix\t, s)\ be bounded in every uniformly bounded subset of S, and

let
(n)

idfi )
A„ s A„(x) = det <—r^t + 5,-,*> , j, k = 1, ■ ■ • , n,

\dak )

where

(n

ak

tf.  i\      /n)r  M (n\       kÍ     \J\       » / V"    (B)       r\ I J \
(6.1)     //   (ai   ,-•-,_„   ) = A( x„ — ) = AI   ¿^ak  o»,„(-)  — 1 ,

\     I « / \ t_i I » /

and

OCn.kit)   =    <

Then for each x in S

1 -   \nt - k\    for ik - l)/n = t < ik + l)/w,

elsewhere.
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(6.2) lim A„(x) = Dix),
n—♦—

where Dix) is the Fredholm determinant of Kix\ t, s) corresponding to the value

X=-l:

00    1   r1 r1
Í6.3) Dix) = 1+22-        •••

^=i   p'.J o Jo

Kix | si, si) • • • Kix | si, s„)

Kix | s„, si) • • ■ Kix I s„, s,,)

For the proof, we note from (6.1) and (1.7) that

dsi ■ ■ • dsß

__i
dal

-,    =    I     i(       22     a*     «».>(')   +  °k    an.ki')    -I   S)an,
J o      V-i.n** «       /

=  |    _TÍ*„ —; s)an,icis)ds

/(k+D/n        /        I    / \
_:(*.—» i)(i - I »s- *|)_5.

(*-l)/n VI« /

is)ds

For convenience we write

(6

- (ft+l)/n       /       \   j \

4) ilïï(_) =  I K[xn\ — , i|)(l - I »fl - *|
•/  (ifc-l)/n \l« /

so that A„(x) may be written as

(6.5) An(x) = det {_!,,*(*) + 5j,k},

)dv

j, k=l, n.

The proof of Lemma 6 will depend upon two other lemmas which we next

state and prove. These lemmas are entirely similar in statement and proof

to two lemmas proved in [lb, Lemmas 3 and 4].

7. Lemma 7. Let A, S and K be given as in Lemma 6. With each point

it, s) of I2 associate two sequences of positive integers {jnit)}, {knis) j with

jnit)   en, 1   +   knis)   =   »,

and assume that

Then for each x in S

hm- = ¿, ,.       US)hm-= s

n = 1, 2,

uniformly in I.

(»)
(7.1) lim ».<-,■„co.M»)(*) = Kix\ t, s)

n—»w

For the proof, we first observe that

uniformly for it, s) E I2-
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/{.K+mn
(1- mj — k\ )dr¡ = 1

and the integrand in (7.2) is non-negative in the range considered. Hence by

(6.4)

(n)

»4,nco.*.(o(*) ~ Kix\ l' s)

/C*nC«)+l)/n| /        I j   (A \

\K(xn\J-^-, v)- Kix\t,s)  nil -\nn- *»(-) | )_*
CMO-D/n     l\ « /

= sup \K\
(   |j-(0    \
I   *n    - >   V )
\        I       » /

Kix | t, s)

where the supremum is taken over

(7.3) tei, sei,
knis)   -   1 knis)   +   1

For each fixed x in C we shall show that this supremum approaches zero

as »—►<». For this purpose, note that

K[xn\-;   7? )
VI«       /

Kix | t, s) ^   K
jnit)(        \Mt) |\ /     \jnit) \

I   *n   -)   17      I — K I  *   -)    1) J
\        I      « I / \     I      « /

+ \k(x\J— , v)- Kix\l,s)\.
I     \   I    n        / I

By the definition of a functional of smooth variation, we know that 2_(x| t, s)

is continuous in (x, t, s) on S®I2. Moreover we noted in the paragraph after

the definition that this implies that for each x in S, K is continuous in x uni-

formly with respect to (/, s) in I2. It is of course continuous in it, s) for each

fixed x. Hence if e>0 and x is any fixed element of C, there exists an index

N, such that

(Xn\t~nL'V)-K(3

\jnjt)

I    n 7   <

and

k(x\J—> r,\ - Kix\t,s) K

for n=N,

for « = N„

the two inequalities holding throughout (7.3). This concludes the proof of

Lemma 7.

Lemma 8. If N is a fixed positive integer and q\, • • • , qn a permutation of

1, • • • , N, then with the hypotheses and notation of Lemma 7 we have for each
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x in S

n N ni ¡,1       N

lim        22       EU <"•"«(*) =  I     • • •   I      Il £(*l V sjds*      it» = pq„).

The proof of this lemma is identical with the proof of Lemma 4 of [lb]

and is therefore omitted.

Corollary to Lemma 8. For each x in S,

lim        2_       tdet (-4p".Pj(*))f,i-i.---.wJ
(7.4)   ~" Pl--^=1

_C(*| si, s2) • • • Kix\ si, sN)

•/ o «/ 0

_T(x | Sjy, Si) • • •  _:(x I Sat, SN)

dsi ■ • ■ ¿Sjv.

8. We now continue with the proof of Lemma 6. By (6.4) and (7.2) we

see that

(8.1) | «.4jfc (*) | _= max _TI*„ — > v)\
(fc-l)/n_i7_(fc+l)/n I \       I   « /I

and since i-(x| t, s) is continuous in x uniformly in s and t, and for each fixed

x in C, continuous in s and /, it follows that

(8.2) nAT.lix)

for each fixed x is bounded in w, j and k. Call its bound Mix). Then the

remainder of the proof of Lemma 6 follows as in [lb, §7, pp. 195, 196].

Corollary to Lemma 6. The limit in (6.2) is approached boundedly in S

provided that AT(x| t, s) is bounded in S®I2 and S contains with each x all its

polygonalizations x„.

For let

| Kix\t,s)\ < B    whenever (*, s, t) ES ® I2.

Then when xES, it follows from (8.1) that

(8.3) \nAf.lix)\=B.

But by Hadamard's lemma,

n    /    n \l/2

| det {A,,h + 8/(.} | = III  22 [An. + 8,.k]2)    ,
j_i \ 4_i /

so by (6.5) and (8.3) we see that when xES,
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, 2\ 1/2"  /   "  /B \2\l

|a„(*)| îII(Z(- + *mH

"  /    B2 B        y'2       «   /        Í2B + B2)V2
= n(»- + 2-+i) = 11(1+---)

j_l \       M" M / y_i \ M /

r/      i2B + B2)yy>2
=        f  1  + ■- J ¿   e(2B+_i)/2i

so A„(x) is bounded in 5.

9. We can now establish a limiting form of Theorem I as »—>°°.

Theorem II. Le/ A(x| t) be defined on C®I and be of smooth variation with

kernel Kix\t, s) defined on C®I2. For some fixed xoEC, let A(x0| -)EC and let

Atixo\t) exist and be continuous and of bounded variation in t on I. Let

-_(x|0, s)=0on C®I, let [f¿ [Kix\t, s)]2ds]ll2=\<l for (x, t) on C®I, and

let -v¡(x|¿, s) exist and be continuous in (x, t, s) iwith respect to the uniform

topology so far as x is concerned) in C®I2. Let Ktix\t, s) be of B.V. in t for

(x, s) in C®I and let supsg// Var(gj [-£«(* I /, s) ] and maX(S,()£r2 | Ktix\t, s) \

be bounded in x for every uniformly bounded subset of C. Let Dix) be the Fred-

holm determinant of i-(x| t, s) corresponding to the value —1 of the parameter:

that is, let
Kix  si, si) • • • Kix | si, s„)

»       I      n 1 /. 1

(9.1) £>(*) = !+__. -I     ••■ .
,,= 1     il'.J o "O i i

Kix | s„, Si) • ■ ■ Kix I s,,, sM)

Finally, let Fiy) be a Wiener measurable functional over C. Then the following

equation is true in the sense that the existence of either side implies that of the

other and their equality:

Fiy)dwy = j     /?{* +A(*| ■)}
c J c

(9-2) eXP {-2lo[jtAixlt)]dX(t) -fo[7tA(xlt)ldt}

■ I Dix) I dwx.

We first prove this theorem under stronger hypotheses on F. We assume

(as Case I) that Fiy) is continuous in the uniform topology and bounded over

C and that it vanishes outside an open uniform sphere / whose center we

take for convenience as A(0| • ) ; that is, the value of A when ï_0; and whose

radius we shall call R. Thus we assume F(y)=0 when yEJ, where

/:|||y—A(0| -)|||<_?. We readily verify that A and F satisfy the hypotheses

of Theorem I. For it follows from Corollary 2 of Lemma 1 that A satisfies

(2.1), and from Corollary 3 that A satisfies (2.2) and (2.3). Hence from

dsi • • • dSn
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Theorem I we obtain (4.2), and we proceed to take the limit on both sides as

The continuity of F implies that F(yn)—>F(y) as w—»», and its bounded-

ness permits us to use the principle of bounded convergence and proceed to

the limit. We see that the limit of the left member of (4.2) is the left member

of (9.2).
We next seek to establish the same result for the right member. We note

by (2.2) that A(x„|/)—>A(x|i) uniformly in t, and since A(x|f) is uniformly

continuous in t, [A(x„ | /) ]„—>A(x 11) uniformly in t for each x. Thus for fixed x,

F{x„+[A(x„| ■)]„}—>F[x+A(x| •)}, so that the left factor of the right inte-

grand of (4.2) approaches the desired limit. We note also from Lemmas 4

and 5 that for each fixed x, the exponential factors in the right-hand integral

approach the right limits. (In applying Lemmas 4 and 5 we may choose S as

any sphere in the uniform topology which has its center at the origin and

contains the particular x in question.) Finally, Lemma 6 (with the same

choice of S) shows that the last factor of the right-hand integrand of (4.2)

approaches the corresponding factor in (9.2). Thus we have convergence to

the right limit for each x of the integrand on the right, and we need only

show that the integrand on the right of (4.2) is bounded in x and «.

We first establish boundedness of the integrand when x£Si, where Si

is an open sphere in the uniform topology about the origin with radius

R/il -X):

In Si, by the corollary to Lemma 6 (in §8), we have that Dix) is bounded.

The exponential factors are also bounded, by the corollary to Lemma 5 and

the fact that the exponents which are sums of squares are preceded by minus

signs. Moreover F is bounded everywhere, so the integrand of the right

member of (4.2) is bounded, when x£Si. Let B be its bound.

Next let x* and »* be such that x** is in Si but x* is not in Si. Then the

integrand does not exceed B when x = x** since the latter is in Si. But when

« = «*, the value of the integrand when x = x* is the same as when x=x„*,

since the right member of (4.2) depends only on x„ and not directly on x.

Thus the bound B persists in this case, and we need to consider only the case

when x and «are such that x„£Si. But when x„£Si, yn = xn+ [A(x„| -)]nEJ,

since if y„ were in /, we would have ||lyr,—A(0| -)|Ü<i? and by Lemma 3

(or 3.12)), we would have |||*»— 0|||<_?/(_— X) and x„ would be in Si. Thus

when x„ESi, ynE.J, and F(jn) = F[xn+ [A(xn| •)]„] =0, and the integrand on

the right of (4.2) vanishes. We have therefore shown that this integrand is

bounded in x and « for all x in C and all positive integers « with bound B,

and hence by bounded convergence we see that the right member of (4.2)

approaches the right member of (9.2), and (9.2) is established. Thus Theorem
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II is established under the extra assumptions of Case I.

We remove the extra assumptions of Case I in the usual way. (See [la,

§5] and [lb, §11].)

A consideration of the steps of the proof just completed yields the follow-

ing corollary to Theorem 2.

Corollary. If Y is a Wiener measurable subset of C, so are 7T and T~lY,

where T is given by (1.1).

10. So far our transformation theorems have been applied only to trans-

formations of the whole of C into the whole of C. In order to deal with other

domains and ranges, we shall next seek to establish a "local" theorem having

to do with transformations of "sufficiently small" regions. Moreover in our

"local" theorem the condition that (/<} [Kix\t, s)]2ds)1'2=\<l will be re-

placed by the condition that (/¿ [i_(x|í, s)]2ds)112 he locally bounded and

A(xo| t) =0 for tin I and i_(xo| t, s) =0 for it, s) in I2. This change to "local"

hypotheses is made possible by a modification of the kernel K which is de-

scribed in the following lemma.

Lemma 9. Let S be an open sphere in the Hubert topology with center xo

and radius r, and let A(x 11) be of smooth variation in S® I with kernel Kix \t, s).

Let A(xo|¿) =0 for t in I and Kixo\t, s) =0 for it, s) in I2 and __(x| 0, s) =0

for (x, s) in S®I. Let Ktix\t, s) exist and be continuous in (x, /, s) iuniform

topology for x) in S®I2, let _-((x|/, s) be of B.V. in t for (x, s) in S eg) 7, let

max(S,oG7! |i_(x|/, s) |, max(l,i)gp |__((„|/, s)| andsupsçi Var«gj [i-t(x|/, s)]

be bounded in every uniformly bounded subset of S, and let ifl [_-(x| /, s) ]2_s)1'2

be bounded and continuous in theHilbert topology inS®I.Let\piu) be a monotonie

function of the non-negative real variable u which has a continuous first deriva-

tive for all u S; 0 and satisfies

(1,       0 = u < 1,
(lo.i) m = \'     -  -

and let

(10.2) A*(x| t) = A(x| OW-II* - *o||)

where

(10.3) 6 > 2/r

and A(x | /) is defined to be zero when x E S.

Then A*(x | /) satisfies all the hypotheses given above for A(x 11) with S replaced

by C, and in addition there exists a number do > 2/r such that when 8>8o, A*(x 11)

satisfies the condition

(10.4) ( f   [K*ix\t, s)]2d¿\    ¿ X < 1, (x, t) E C ® I,
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where K* is the kernel of the variation of A*.

To verify that A* satisfies all the hypotheses in C®I, we first calculate

the variation of Af and its kernel K*. Thus if we let

-Î(\(/'iu)/u when u > 0,

when „ = 0

we note that </>(«) is continuous and we have when x£S, by (1.2), (1.3), and

(1.4),

5A*(x|i| y)

= -^JA(*+7y|f)*(»(j"    [x(s) + Fy(s) - *0(s)]2ás)    )j

= 5A(*|í| yW(ö||x- „o|¡)

+ A (x | *)*(0||x - *o¡|)02 f    [*(*) - Xois)]yis)ds
J o

= tid\\x - Xo\\) f   Kix\ t, s)yis)ds
J o

ô2A(x| t)4>ie\\x - Xo\\) \     [*(s) - *0(s)]y(s)_s
J o

+

-Ii* /   i
Ke (x| t, s)yis)ds,

o

where

K*ix\t, s) = ^id\\x - x0\\)Kix\t, s)

(10.5) + 02A(*| t)(t>id\\x - xo||)[*(i) - xois)]

when (*, t, s) E S ® I2.

(The second term vanishes as it should when x = Xo, for A* = A in the neighbor-

hood of this point by (10.1).) Again, if x£S, |x—xo||_tr and 0||x — Xo||>2

by (10.3),sot/'(ö||x-xo||)=0by (10.1) and A*(x|*)=0 by (10.2). Thus if we
take Kgix\ t, s) =0 when x£S, we have

/. i
_:*(* | t, s)yis)ds when (x, y, t) E C2 ® I.

0

Moreover (10.5) will still hold if K is defined in any arbitrary way when

x£S since \p=(p = Q there. In particular, we may take K = 0 when x£S,

and we then have (10.5) and (10.6) holding universally.

Now continuity of K*ix\t, s) in (x, t, s) (in the uniform topology for x)

follows from (10.5) at all points where Kix\t, s) is continuous; that is, unless
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||x—xo|| —r. But when ||x—xo|| =r, ö||x—xo|| >2, and this is also true in some

uniform neighborhood of the point x, so that \p = (p = 0 and K*ix\t, s)=0

throughout some neighborhood of the point. Then even on the boundary of

S where ||x—xo|| =r, K$ is continuous in (x, t, s), and it follows that A^ is a

functional of smooth variation in C®I with K* as its variation kernel. We

can then easily verify from (10.5) and from corollaries of Lemma 1 that Af

satisfies in C®I all the hypotheses required of A in S®I (keeping in mind

that K* vanishes when x is in a sufficiently small uniform neighborhood of a

boundary point of S).

It remains to verify (10.4) for sufficiently great 8. Let us therefore choose

X on the interval 0 <X < 1, and hold it fixed throughout the remainder of this

discussion. From (10.5) and the Minkowski inequality we have

(f    [K,*ix\t, s)]2ds\     ^tie\\x- x0\\)(f    [Kix\ t, s)]2ds\

+ ö2A(*|^(e||*-xo||)||*- *o||

/ r1 V/2
= ^id\\x - *o||)(   I     [Kix\ t, s)]2ds\

+ 0A(x| t)t'ie\\x- x0\\).

Now because of the continuity of (/,} [ÄT(x|i, s)]2_s)1/2 (Hilbert topology in

x), the quantity

Qix) = max (  f   [J_(* | t, s)]2ds\

is continuous in x (Hilbert topology), in particular at x = xo. Since Qixo) =0,

we can choose p(5)>0 (for ô>0) such that p(5)—»0 steadily when ô—>0+,

and | Qix) j _=p(ô) when ||x— x0||_=S; so

I ooo I á p(||* - *.||).
From (1.4) and the hypothesis that A(xo| t) =0 and the Schwarz inequality we

have

| A(x | 0 I _= max I _(*o + Vix — Xo)) | -||* — *o||

— max p(F||x — *o||)- l|* — *o|| = p(||* — Xo||)-||x — *o||.

Thus we have from (10.7)

(fl[K*,ix\t, s)]2_sY2

(10.8)
S [tie\\x - „o ) + e\\x- *o||^(0||* - *o||)]p( * — *0
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Here the first factor on the right is zero when 0||x— xo|| =2, and hence in

finding an estimate for the left member, we may assume that 0||x—xo|| <2,

so that

(10.9) ( f    [K„*ix\ t, s)]2)     = jl + 2 max ^'(w)lp( — J for all x.

But since p(_)—*0 as u—+0+, we can find 8o so great that when 8 >8o, the right

member of (10.9) is less than X. Thus (10.4) holds and the lemma is proved.

11. We now employ Lemma 9 to prove the following local transformation

theorem.

Theorem III. Let S be an open sphere in the Hilbert topology with center

xo and radius r, and let A(x|0 be of smooth variation in S®I with kernel

2_(x| t, s). We also make the following assumptions:

(11.1) A(*o| 0=0 for t in I.

(11.2) AT(xo | t, s) = 0 for it, s) in I2.

(11.3) __(*| 0, s)=0 for ix, s) in S ® I.

(11.4) If €>0, there exists a positive number 5(e) such that

f    {J_(*i | h, s) - KÍX21 Í2, 0} 2ds < 6
J 0

whenever fl [xiit) —X2Ít)]2dt<Sie) and \h— i2| <5(0-

(11.5) Ktix\t, s) exists and is continuous iuniform topology for x) in

S®I2.

(11.6) fl [Kix\t, s)]2ds is bounded in S®I.
(11.7) max(S,()g=r2 |i_(x|/, s)\, max(,,i)gí, |i-i(x|¿, s)| and in every uni-

formly bounded subset of S, max,g? Var(g/ [__¿(íc|/, s)] are bounded.

Under these conditions there exists a positive number r0 such that if T is any

Wiener measurable subset of the Hilbert sphere

S0:   ||* — *o|| < r0

then TT is also Wiener measurable and the following equation holds whenever

Fiy) is a functional that is Wiener measurable on TT which makes at least one

side of the equation exist :

fW Fiy)dwy=  C    F{x + Aix\ ■)]
J Tr J t

(11"8) "eXP {-2lo[jtHxlt)]dX{t) -fo[jtK(xlt)Ïdt\

• I _>(*) I dwx.
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Here TV is understood to be the set of values assumed by 7"(x) =x+A(x| •)

as x assumes all values in T, and Dix) is the Fredholm determinant of i_(x| t, s)

as given in (9.1).

Remark. We note that conditions (11.4) and (11.6) imply in particular

that the integral /¿ [i-(x|¿, s)]2ds is continuous in (x, t) (Hilbert topology

for x) in S®I.

This theorem follows readily from Theorem II and Lemma 9. We first

choose X on 0 <X < 1 and the function i^(„) of Lemma 9, and then we define

A*(x|0 by (10.2) and choose 0o so that when 8>8o, all the conclusions of

Lemma 9 hold, including (10.4). Then A*(x| 0 and the kernel of its variation

K*ix\t, s) satisfy all the hypotheses imposed on A and K in Theorem II, so

for suitable functions F the conclusion (9.2) holds with A* replacing A. Now

choose 0i>0o, and choose ro = l/0i. This ro satisfies the conditions of the

theorem, for when xGSo, where So: ||x—x0|| <rQ, we have <?i||x —xo|| <1 and

by (10.2) and (10.1), A*t(x|0 =A(x|0- Taking T as any Wiener measurable

subset of So we have 7T measurable; and if F is any Wiener measurable

functional which vanishes outside TT, we see that (9.2) holds in terms of A*

if either side exists, and (9.2) reduces to (11.8). Thus the theorem is estab-

lished.

12. For later use we now state a theorem on linear transformations which

was recently proved [lb]. (The theorem actually obtained in the paper just

referred to is a slightly more general one than the one we are stating here.

The present form is simpler to state and sufficient for our present purposes.)

Theorem A. Let xi(/) be a function of C whose first derivative x[it) exists and

is of bounded variation on I. Let Kiit, s) be defined in I2 and assume that the

following conditions are satisfied:

(12.1) Kiit, s) is continuous in I2,

(12.2) For each s in I, dKiit, s)/dt exists and is of bounded variation for

t on I,

(12.3)        j     sup   — Kiit, s)  ds < oo,       f   Var\—Kiit, s)\ds
J o   i& \ dt Jo    i& Ldl J

<   oc.

(12.4) Di^O,  where Di is the  Fredholm  determinant  of Klit,  s)  with

parameter ( — 1).

Let Ti be the linear transformation:

it) + f   Kiit,
J o

(12.5) ft:   yit) = *(/) + Xi.it) +       Kiit, s)xis)ds.
J o

Then the following equality holds whenever 1) is any Wiener measurable subset

of C and Fiy) is a functional which is Wiener measurable on TiV which makes

at least one side of the equation exist:
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f    Fiy)dwy = I Di|   f    F\ x + xi + f   _Ti(-, s)*(s)„s]
JTXIJJ J  (JJ      ]_ Jo J

(12.6) -exp i-2 f   Ixi'it) H-f   Kiit, s)*(s)_sl _*(i)

-  f      *i'(0 -i-f   Kiit, s)xis)ds    dtidwx.

13. Our next goal is to prove the following theorem which is just like

Theorem III except that assumptions (11.1) and (11.2) are replaced by

(13.1) A(xo| 0 EC, dA(x0| t)/dt exists and is of bounded variation on I, and

(13.2) D(xo) ^ 0.

Theorem IV. The conclusion of Theorem III holds if the assumptions (11.1)

and (11.2) are replaced by (13.1) and (13.2) and the remaining assumptions

are unchanged.

The following brief outline of the proof will be helpful before we give the

actual proof. Let 7\ be the linear transformation "tangent" to T at xo:

(13.3) 2_:    y(0 = *(0 + Ai(*| 0

where

(13.4) Ai(*| 0 = A(x0| 0+1    Kix0\ t, s)[xis) - Xois)]ds
J o

and let TT/1 be its inverse. Define

(13.5) T2 = tTt.

We shall show that the linear transformation (13.3) satisfies the hy-

potheses of Theorem A and that the transformation 7"2 satisfies the hy-

potheses of Theorem III. On applying successively the two transformations

Ti and 2"2 we shall then show that we are led to the desired result (Theorem

IV) for the product T=TiT2-

We now carry out the steps of the proof.

Lemma 10. Under the hypotheses of Theorem IV the linear transformation

2"i defined in (13.3) satisfies the hypotheses of Theorem A.

Proof. We first note by (13.1), (11.5), and (11.7) that the function

(13.6) *i(0 = A(*o| t) -  f   _T(*o| t, s)xois)ds
J o

is a function of C whose first derivative exists and is of bounded variation

on I. Also since A(x|0 is of smooth variation in S®I with kernel _C(x|i, s)
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it follows that the kernel

(13.7) Ktit, s) = Kix0\ t, s)

satisfies condition (12.1) of Theorem A. Conditions (12.2) and (12.3) are

implied by (11.5) and (11.7). Finally we note that d = Z?(xo) ̂ Oand the proof

of Lemma 10 is complete.

Since Dixo)^0 the linear transformation Ti of (13.3) has a unique in-

verse Tí1 and by known results (see, for example [4, pp. 216-218]), the in-

verse is given by

-i rx    -i
(13.8) 7\  :    yit) = a«) - A(x„ | 0 + I     K   it, s) [_(.) - „„(«) - A(*o| s)]ds,

J o

where K~1it, s) is the Volterra reciprocal kernel of Kixo\t. s) with parameter

( —1). Also i-_1(/, s) is continuous and K and K~l satisfy the two relations

(13.9) K-\t, s) + Kixo\ t,s)=-   f   K-*it, u)Kix0\ u, s)du
J 0

(13.10) = -  f   K~liu, s)Kixo\t,u)du.
J 0

With this Ty1 we form the transformation T2= T^1 and prove:

Lemma 11. Under the hypotheses of Theorem IV the transformation T? = 77 ' T

satisfies the hypotheses of Theorem III.

Proof.  By (13.8) and (1.1) it is easily seen that T2 is given by

(13.11) TV    yit) = x(0 + A2(*| 0

where

A2(x | 0 = A(x | 0 - A(x01 t)

(13.12) r1 it
+ I    Krxit, s) [x(0 + A(x | s) - *o(0 - A(*o | s)]ds.

J o

We next show that A2 is of smooth variation in S®I and we determine its

kernel. By (13.12) and (1.3)

a

dv
A2(x + vy | 2)]»=o = j    Kix | t, s)yis)ds

J 0

(13.13) +f   K~lit, s) |y(s) + f   Kix\ s, u)yiu)du\ds

=  I    K2ix\ t, s)yis)ds
J o
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where

(13.14)  Ktix\t, s) - Kix\t, s) + K~lit, s) + f   K-^t, _(_.(*| u, s)du.
Jo

Obviously i_2(x|/, s) is continuous in S®I2. Hence A2 is of smooth variation

in S®I with kernel (13.14).

By (13.12) we see that A2(xo|0 =0 for / in I, and hence 2"2 satisfies con-

dition (11.1) of Theorem III.

By (13.14) and (13.9), i2"2(xo|/, 0=0, and hence jT2 satisfies condition

(11.2) of Theorem III.

By (13.14) and (11.3)

ä:2(x I 0, s) = Kix | 0, 0 + K-H0, s) + f   K-li0, u)Kix | », s)du
J o

= J_-*(0, s) + f   i_->(0, u)Kix | u, s)du
J 0

and by (13.10) and (11.3)

K-\0, s) = K-^O, s) + Kixo | 0, s) = - f   K-\u, s)Kix0 | 0, u)du = 0
J o

and hence i-2 satisfies condition (11.3).

Properties (11.4) and (11.6) for K2 follow at once from the same proper-

ties of K and the continuity of K~lit, s) in I2.

To see that K2 satisfies condition (11.5) we first note that (13.10) together

with (11.5) for K ensures that d-__1(¿, s)/dt exists and is continuous in I2.

Using this and (11.5) for K and the definition (13.14) for i_2, we see that ¿_2

satisfies (11.5). Similarly we see that _C2 satisfies the first two parts of condi-

tion (11.7).

For the third part of condition (11.7) we first note that by (13.10)

sup Var \— K-^it, s)l
j£/   /£/   \_dt J

<   OO.

Using this and the fact that K satisfies (the third part of) condition (11.7)

we see that Kz satisfies the third part of condition (11.7).

This concludes the proof of Lemma 11.

We need a third lemma before proceeding with the proof of Theorem IV

itself.

Lemma 12. Let 7\ and T2 be defined as in (13.3) and (13.11). Then

(13.15) A(*| /) = A2(*| 0 + Ai[* +A2(*| Ol t]

and
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(13.16) Dix) = Dixo)Ü2Íx).

Proof. By definition (see (13.5)) ^_Ti- T_(7T1r) = T and hence by (13.3)
and (13.11), (13.15) holds.

Next, a classical result on Fredholm determinants (see, for example,

[2, p. 467]) states that if/(/, s) and git, s) are continuous functions on I2 and

if D/ and _)„ are their Fredholm determinants formed with the parameter

( — 1), then the product 0/Dg is the Fredholm determinant D¿ of the kernel

(Pit, s) = fit, s) + git, s)+ f  fit, u)giu, s)du.
J o

Applying this first to (13.9) and then to (13.14) we see that D2(x)=£>(x)

[D(xo)]_1. Hence (13.16) holds and the proof of Lemma 12 is complete.

We now proceed with the proof of Theorem IV itself. By Lemma 11 and

Theorem III there exists a sphere So where Theorem III applies to 7Y Let

r be a Wiener measurable subset of So and Fiy) a functional which is Wiener

summable on 7T. Then by Lemma 9 and Theorem A and the fact that

T= T1T2 we have

f    Fiy)dwy = I _>(*„) |  f    F[as + Ai(_|-)]
J TT J T,T

(13.17) x
•exp<-2J      — Ai(*| 0 \dxit) - f     — Ai(x|0    _/i_„*.

By Lemma 11 (and Theorem III) this is equal to

f" Fiy)dwy = I Dixo) \  f    F{x + A2(*| -)+Ai[* + A2(*| •) | •]}
J rr Jt

■expj -if   [— Ai(* + A2(* I -) I 0 \dt[xit) +A2(x|i)]

- f   \— Ai(x + A2(*| Olo]*}

•expi-2|      — A2(*I 0 U*(0

- j       — A2(x I 0    dt\ I Diix) I dwx.

By Lemma 12 this yields the desired conclusion (11.8) whenever Fiy) is

Wiener summable on 7T. If, on the other hand, we assume that Fiy) is

Wiener measurable on 7T and that the right member of (11.8) exists, then

by Lemma 11 and Theorem III the right member of (13.17) exists and, by

(13.18)
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Lemma 9 and Theorem A, Fiy) is Wiener summable on 7T. This com-

pletes the proof of Theorem IV.

14. We shall now prove a transformation theorem in the large for any

transformation which satisfies the hypotheses of Theorem IV locally and

which is 1-to-l in the large.  More precisely, we shall prove:

Theorem V. Let T be any Wiener measurable set and assume that the trans-

formation T: y it) =x(0+A(x| 0 is such that A(x| 0 is of smooth variation in a

Hubert neighborhood S = S(xo) of each point xo of T. Assume further that condi-

tions (13.1), (13.2), (11.3), • • • , (11.7) hold in S(x0) for each xo in T'. Finally
assume that T carries T in a l-to-1 manner into a subset TT of C. Then TT is

measurable and if Fiy) is any Wiener measurable functional on TT which makes

either side of (11.8) exist, the other side also exists and they are equal.

Proof. First let us recall what Theorem IV allows us to conclude. If xo is

any point of our set T then there exists a (Hubert) neighborhood So(xo)

contained in S(xo) such that the desired transformation formula holds for

any Wiener measurable subset of So(xo) .Now let Xi, x2, • • • be a countable

set of points of T whose neighborhoods So(xi), So(x2), • • • cover T. (Since C

is a separable metric space in the Hubert topology, any covering can be

reduced to a countable covering and therefore such a set exists.) Denote by

Nn the Hubert neighborhood So(x„) just described. Then TC 22^n, and if

r„ = NnT, we have T = 22^n- The desired transformation formula applies to

each set Tn — 22"-\ Tk,n = l,2, ■ • ■ .( 221-1T* is understood to be the empty
set.) Since the Wiener integral is completely additive we may sum over «

and thus obtain (11.8) over our given set T if F is summable on TT.

We have, accordingly, shown that (11.8) holds under the hypotheses of

Theorem V whenever Fiy) is Wiener summable over 7T. If we assume

merely that Fiy) is Wiener measurable over TT but that the right member

of (11.8) exists, then the right member and hence also the left member of

the corresponding equation with T replaced by Tn— 22î=l F* exists and this

is true for each w = l, 2, • • • . On summing over n we conclude that Fiy) is

Wiener summable on IT. This yields Theorem V in the form stated.
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