THE TRANSFORMATION OF WIENER INTEGRALS
BY NONLINEAR TRANSFORMATIONS

BY
R. H. CAMERON AND W. T. MARTIN

Introduction. In this paper we study the behavior of Wiener integrals
under transformations of the form

(0.1) T: y(t) = «() + A(x]0),

where A(xl t) is a functional depending on the function x and the number ¢ and
satisfying certain smoothness conditions. (The number ¢ ranges over the
interval 0 =¢=<1, and the function x ranges over a measurable subset I" of the
space C of continuous functions on 0 <¢{=<1 which vanish when ¢=0.) The
smoothness conditions on A(x| t) require in particular that it have a Volterra
derivative K(x|t, s) such that

0.2 oy = h = lK | 2, s)6x(s)d
(0.2) ‘\=£A(x+ 6xlt)]h=0"‘fo (x| ¢, 5)ox(s)ds.

This Volterra derivative is somewhat analogous to the matrix of the partial
derivatives of the # functions which define a transformation in » dimensions
(or, more strictly, to this matrix minus the identity matrix), and hence it is
natural to think of the Fredholm determinant D(x) of K (xlt, s),

. 1, K@ty 0 - K(x| b 1)
D(x)=1+z:__' B dty + + - dtp,
K(x|t, to) - - - K(x| ta, ta)

n=1 H:J o [}
‘as being analogous to the functional determinant or Jacobian of an n-dimen-
sional transformation. Consequently it is reasonable to think of D(x) as the
“volume element ratio” of y and x, and write

(0.3) —-2 = D(a).

If we wished to define the “volume elements” separately, we might perhaps
choose @V arbitrarily and then define ¢V, by (0.3). However, there are cer-
tain reasons why it is preferable to think of the volume element as being
almost always infinite, and working instead with the “measure element”
which is finite because of the exponentials which occur in the definition of
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the Wiener integral [5](}). Though these exponentials were suggested orig-
inally by probability theory, we shall regard them from a purely analytical
point of view and consider them to be convergence factors. The heuristic
relationship between the “volume element” and “measure element” is sug-
gested by Wiener’s definition of a quasi-interval ard its measure. The set Q
of elements x& C satisfying the following inequalities is called a quasi-
interval:

Q:a;<x(l) <aj+Aa;; j=1,---,n(where0 =5 <t < -+ <, = 1);
and the measure of Q is defined by the integral

1 o, tiay, at+Aa;
m = e
=@ (x"Aby-Aty - - - At,.)mf a f -

n Aj2
'eXP<— > (AE))dh"'dEm

=1 i

where At; = ¢; — t;1and Af; =& — Ej_1, 60 = 0.

(Here Af; is not really an increment, but a difference of two independent
variables. In the limit, however, as the quasi-interval closes down on one
function x(¢), these Af; suggest dx(t).) If we drop the factors before the
integral and let n— », Af;—0, Aa;—0, some such relationship as the follow-
ing between the measure and volume elements is suggested.

(0.4) duwt = exp (— f o‘ I:d—fiii):rdt) dv..

The dubious character of this “equation” is seen not only by the way it is
introduced here, but also because the exponential factor exists only on a set
of x of measure zero in C. (The set of elements x(¢) which are absolutely
continuous and hence are the integrals of their derivatives x’(¢) is known to
be a null set in C. Even if we attempt to interpret the integral in the Hellinger
sense, it is still almost always infinite.) Nevertheless the formalism (0.4) is
very suggestive, and we may take it as defining the “volume element” dV; in
terms of the “measure element” d,x, the volume element being infinite when
the exponential factor fails to exist. The suggestive value of the formalism
(0.4) is immediately seen if we write the corresponding equation for y

(0.5) dyy = exp (— fol I:%:rdt) av,

and then eliminate the “volume elements” dV, and dV, between (0.3), (0.4),
(0.5); at the same time rewriting the formal integral which arises from the
difference of the two exponents as a Riemann-Stieltjes integral:

() Numbers in brackets refer to the references cited at the end of the paper.
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dwy 1 (d
0.0 = -p@ep(- [ {5 b0 - 01 abo +=0]).
d,,x 0 dt

This formula (0.6) for the “measure element ratio” turns out to be mean-
ingful for all x in C if we sufficiently restrict A; for the difference y(¢) —x(2) is
merely A(xl t), and we assume hypotheses which cause this to have a deriva-
tive of bounded variation. Thus the integrand d [y(¢) —x(¢)]/dt is of B.V. and
the integrator y(¢) +x(¢) is continuous, and hence the integral exists in the
strict Riemann-Stieltjes sense.

Not only does the right member of (0.6) turn out to exist for all x €C, so
that the ratio of dwy and dux is everywhere defined and d,y is known if duwx
is chosen arbitrarily, but it also turns out that the left member behaves as
one would expect in connection with the transformation of integrals. In fact,
we have

(o} c dwy
0.7) F(y)doy = | F(y) dyx,
Tr T dw
or
C
F(y)d,y
©0.8) """

c 1
= f F(Tx)| D(%) | exp(— f % [Tx@) — 2()18[Tx(s) + x(2) ]) do.
r 0

It is the purpose of this paper to establish formula (0.8) (and of course
at the same time the equivalent (0.7)) under suitable conditions on A(xl t),
and this is done in Theorems I-V in the body of the paper. The last of these,
Theorem V, is the final and most general theorem, and is the culmination to
which the earlier ones lead.

In §1 certain smoothness conditions on A are introduced which imply the
existence of the Volterra derivative K, and their properties are discussed, and
in §§2, 3 the 1-to-1-ness of the transformation T and of approximating trans-
formations to it are studied. In §4 an approximating “n-dimensional” form
of (0.8) (namely (4.2)) is established in Theorem I, and in §§5-8 certain
lemmas are obtained which enable us to take a limit on (4.2) and obtain
Theorem II in §9. Theorem II establishes (0.8) without any restriction to
finite dimensionality, but with a restriction on the size of K, namely,
[J3 [K(x|t, 5)]2ds]¥2 <N<1. This restriction is removed in §§10~14 through
the use of two local theorems III and IV. The final theorem establishing (0.8)
“in the large” under general conditions is given in §14, Theorem V. This is
obtained by applying the local Theorem IV in a countable set of neighbor-
hoods and then using the complete additivity of the Wiener integral to ob-
tain the result “in the large.”
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This paper is the first attack that the authors (or anyone else) have made
upon the subject of nonlinear transformations of Wiener integrals. It does
not, however, contain as special cases all of the results of our paper on linear
transformations [1, b] since the present paper puts stronger smoothness
conditions on the kernel K(x't, s). In particular, it requires K to be con-
tinuous in ¢ and s for each x, while the K (¢, s) of [1, b] is permitted to have a
jump along the diagonal, J(s) =K (s, s7) — K(s, st). In the present paper the
corresponding J (x] s) is restricted to be identically zero. The authors hope to
remove this restriction in a future paper, so that the integral transformations
can have kernels of Volterra type as well as Fredholm type.

1. As stated in the Introduction we shall be concerned with transforma-
tions of the form

(1.1) T: y() = x(t) + A(xl t).

The function x is allowed to vary over some subset S of the space C which
consists of all functions x(¢) defined and continuous on 0 =¢=<1 and vanishing
at t=0. The variable ¢ is allowed to vary over the interval 7: 0=¢=1. Thus
A(x| t) is defined for (x, ) ES®I, the direct product of S and I. (Similarly if
we say f(t, s) is defined for (¢, s)EI? or (¢, s) EI®I, we shall mean that
f(t, s) is defined for all number pairs (¢, s) such that (0=5t=1,0=s5=<1)). We
let ||x|| and ||'x||| denote the norms of x in the Hilbert and uniform topologies
respectively; that is, ||x|| = { /5 [x(£)]2d¢} V2 and |||x|| = max.e; | x(¢)|. We say
a subset Sof Cis convex if x+v(y —x) €S whenever (x, y,7) ES*® I. We deal
in this paper with functionals which are of “smooth variation” in the sense of
the following definition:

DEFINITION. A functional A(x|t) defined on S®I, where S is a convex
subset of C open in the uniform topology, will be said to be “of smooth varia-
tion” if its first variation

a
(1.2) 5A(x|t|y)55;A(x+vy|t)]v=o
exists for all (x, £, ) in S® I ® C and is representable in the form
1
(1.3) sA(x| ¢] 3) = f K21, 5)y(s)ds, (1,4, ) ES® I ® C;
0

where K (x|t, s) is continuous in (x, ¢, s) throughout S®I? (continuity in x
being understood in the uniform topology). The functional K (xl t, s) will be
called the kernel of the variation of A—it is the classical Volterra derivative
of the functional A. (See [3, p. 25].)

We note at once that this hypothesis of continuity implies that for each x
in S, K is continuous in x uniformly with respect to all (¢, s) in 12 This fol-
lows at once from the fact that we have a two-dimensional Heine-Borel
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theorem in I2. The representation of A in terms of K is given in the following
lemma.

LeEMMA 1. Let A(xl t) be a functional of smooth variation defined on SQ®I,
where S is a (uniformly) open convex subset of C, and let K (xl t, s) be the kernel
of its variation. Then if xo €S, we have

1 1
(1.4) A(x| t) = A(xo| t) +fo dvfo K[xo + (v — xo)vl t, s][x(s) — xo(s) ]ds,

for all (x, t)ES®I. Moreover the kernel K is completely defined in S®I? by
the functional A.

To see this, we note that if y&C and x+v,yES and ¢t& 1, the variation
8A(x+vey|t| y) must exist and by (1.2),

3
SA(x + vy | t] 9) = S A+ o0y + #y| &) Jumo
; _
(1.5) = oA+ 0y + 0= 03] )],

d
= — A+ vy )]oms,
dv
so that the last member of (1.5) must exist; and by (1.3),
9 1
(1.6) — A+ 03] D)ee = [ Ko+ my] 6, 5)5(5)ds
v 0

when (x+voy, ¢, ¥) ES®I®C. But since S is convex, if (x, x+y, 1) ES?QI,
x+4vyES, and hence when (x, x+y, v, t) ES?*Q I?,

F 1
.7) —¢u+wﬂo=f.mx+wnww@n
av - 0

Now for fixed x, v, ¢, the hypothesis on K makes K (x+vy|t, s) continuous
in (v, s) throughout I? so that the left member of (1.7) is continuous in »,
and we can apply the fundamental theorem of the integral calculus to obtain

vy 1
A+ oy| ) — Az + 00y | ) = f dvf K(x + vyl t, s)y(s)ds
Vo [

when (x, x+7v, vo, v1, £) ES?®I3; and when we substitute x =xo, y=x—x,,
20=0,v,=1, we obtain (1.4) for all (x, ) ESQ®I.
Finally, to show the uniqueness of K, we choose

0) { * 055w (u,t) € I?
u = ur y
) t — u, u=<t=s1,
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and note that y.(-)&EC for all #&€I. Thus (1.3) must hold for y=4y, so that
when (x, {, u) ESQ I

5A(x | 2] 94) = fo K| 4 $)ya(s)ds = f "R 1, 5)(s — w)ds.

Thus when (x, ¢, u) ESQI?,

a

_A(x+vyu|t)] },
av v=0.

92 a?
K t, = — |0A t Yu)|] = —
(0 = o oaGe 1] 3] = =4
and K is completely defined when A is given.

COROLLARY 1. If A is of smooth variation in S®I (S being a uniformly
open convex subset of C) and K is its kernel, and if A(xo|t) 1S @ Continuous
function of t on I for at least one xoE S, then A(x[ 1) is continuous in t on I for
every fixed x € S.

This follows at once from (1.4). Similarly we have the following corollaries.

COROLLARY 2. If A is of smooth variation in S®I having kernel K, and
A(xo] -)EC for some fixed xo tn S and K(x|0, s)=0 for all (x, s) in SQI,
then A(x] YEC for all x in S.

COROLLARY 3. If A is of smooth variation in SQI and its kernel K satisfies

the inequality
1 1/2
{f [K(x|¢, s)]zds} <A
0

for all (x, t) in S®I, then A satisfies the Lipschitz condition
liaGe] ) = Aly| Dlll= M= = oll = Nle = 5l

for all (x, y) in S This of course implies that A(x| -) is continuous in both the
uniform and Hilbert topologies.

This follows immediately from (1.4) by means of the Schwarz inequality.

COROLLARY 4. Let A be of smooth variation in S®I and let its kernel
K (xl t, s) have a partial derivative K ,(xl t, s)=0K (xl ¢, 5)/0¢t which is continu-
ous for all (x, ¢, s) in SQI? (uniform topology) and let Ag(xo| t) exist for all t in
I and some one xo in S. Then A,(xl t) exists for all (x, t) in SQI and A;(x] )
s continuous in the uniform topology throughout S. In fact

A(x]2) = Ao )

(1.8) N fo ' i fo " Kulwo+ (2 — 200 &, s][2(5) — za(s) .
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Moreover if Ai(xo-t) ts continuous in I, Ag(xl t) is continuous in (x, t) through-
out S®I (uniform topology) and is bounded in S®I if Ki(x|t, s) is bounded
in SQI? and A,(xol t) is bounded for t on I and S is bounded tn the Hilbert
topology. Finally, if Ki(x|t, s) is of bounded variation in t on I for each (x, s)
in S®I and Varicr [K,(xlt, s)] is bounded in (x, s) over S®I and Ag(xo]t)
is of B.V. for t on I and S is bounded in the Hilbert topology, it follows that
A(x|t) is of B.V. in t on I for each x in S, and Varer [Ai(x|2)] is bounded in
x on S.

2. Having discussed the functional A, we now consider the transformatior.
T of (1.1). In the present section we shall not need to assume that A is of
smooth variation, but we shall need to make T take points of C into points of
C. Thus we assume that for each fixed x in C, A(xl t) is continuous in ¢ on [
and vanishes at ¢=0. This can be more simply stated thus:

(2.1) Az| ) EC when x € C.
We shall also assume that A satisfies the Lipschitz condition

(2.2 Al ) = Aty | Il S Nl = 5l

when (x, ¥) EC? for fixed N satisfying

(2.3) 0<A<1.

With these hypotheses we shall prove in the following lemma that T is 1-to-1:

LEMMA 2. Let A(xlt) be a functional defined on CQI which satisfies (2.1)
and (2.2) with (2.3). Then T defined as in (1.1):

(2.4) T: y=zx+ Az|-)
s a 1-to-1 transformation which takes the whole of C into the whole of C.

To establish this, we let xo=17, and in general let

(2.5) Xn = y—-A(x,._ll ), n=1,2,-
Since A(xl -)is in C when x is in C, each of the functions x;, %3, + + - is in C.
Then
Xn = Xp—1 = Y — A(xn-—ll ) =-y+ A(xn—2| ‘)
and by (2.2),
e = ]l = A ] ) = AGnca] ] S Mot = el
Thus

ln = @acsall] = X202 — 4|
and by (2.3)
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2 lll#s = %a]| converges.

n=1

Thus Do, [%n(t) —%a_1(f) ] converges uniformly, and lim, .., x.(£) exists uni-
formly. Call it x(¢). Then x &€ Cand

(2.6) lim |||z, — ||| = O.

Now from (2.5), we have

2(t) = 3(t) — lim A(#aos | ),

where the latter limit is uniform. But it follows from (2.2) and (2.6) that
lim A2, 8) = A(xl 1);

s0
(1) = y()) — Az 9),

and (2.4) is satisfied.

Thus to each element of C there corresponds at least one element x in C
satisfying (2.4).

Moreover, this is the only such x, for if

4 A(x| ) =y =2+ A=),
then x—x*=A(x*l S—=Ax] ), and
lle = #* = llaCe*]| ) — Adx] Ol = Nl= — 4,

which can hold only if |||x —x*||| =0 or x(¢) =x*(¢).

Thus each x in C defines a unique y in C and each y in C defines a unique
x in C, so T'is a 1-to-1 transformation taking the whole of C into the whole
of C.

3. We next develop #-dimensional approximations to the transformation
(2.4). Let x,(¢) belong to C and be the n-dimensional polygonalization of
x(2); that is, let

k k
(3'1) xﬂ(_)=x(—)7 k=0, ly 21"'7"!
n n

while x,(¢) is a linear function on each interval (k—1)/n <t<k/n. The nota-
tion [x]. will also be used to denote x,. Thus

i k
3.2) m@=h®h=§mxmcﬂ

where
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1—|nt—k| for(k—1)/n=t<(k+ 1)/n,

0 elsewhere.

69 awt) = {

Let T, be the transformation
Ta: 3(0) = [s@)]a + [A(]| 9]
or
To: y = %+ [A@] ) ]n
It is clear that y =7, under these circumstances, and we may thus write
(3.4) To: Y= %a+ [A(x] )]s
If we let

(n) k k
3.9) o = a; = x(——) = x,.(—)
n n
and
n k k
e o))
” n

(n) (n) (n), (n) (n)
(3.6) by = ag +fkn (01"."‘»% ),

n )

(3.7) fl?‘)(a'lv STty an) = A( i aia"-i(')

i=1

we have from (3.4)

(n)

- an) =A(xn

or (in the notation of (3.3)),

: )
~)-
(The superscript 7 will cause no confusion since there are no nth derivatives
in this paper.)

Let a or a™ denote the vector [a{, al, - - -, a®] and b or 5" the vector

[by, - -+, ba] and f™(a) the vector [f™@, - -+, an, - O, - - -, a.)].
Let us define the.n-dimensional norm

(3.8) lell = la™N” = max fa;").

Clearly

lzalll = [[lat]l|¢=
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and
[l = el
and
llrm @l = |I[{AGa | ) 1a]ll
Thus
7™ (@) — 7™ (@*)||™ = |||[ACza]| -) — A ] )l
3.9 < [laGxa | ) = A I

< Nz = 22l = Mo = o[
and we have the Lipschitz condition
|” f™(a) — f(»)(a*)m(») =< kl“"(") - a*""lll‘"’

analogous to the Lipschitz condition for A(x).
Now (3.6) takes each vector a into a vector b. However, let b be given and
let us solve (3.6) for a. Dropping superscripts, we write (3.6) as

T.: b=a+ f(a).
Since b is given, choose Ao=>5 and
(3.10) A, =b — f(Ad.,), v=1,2,--.-
By the Lipschitz condition,
llds = Ao = || f(4 ) = f(As||® = N[doz = Aducaf| @
and (dropping superscripts on norms),
e = Aol S A1l - 4d]l
and ) _||4.— 4.1 converges. Hence

tm 3 [l4s — 4a-d = 0

But
(3 =) s £l - 4

lim |4 o4 — A44]|| = O uniformly for positive p;
L aud

and lim,., 4, exists. Call it a. Since f satisfies a Lipschitz condition, it is
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continuous, and taking limits as y— in (3.10), we obtain
a =b— f(a).

Thus this vector a satisfies (3.6).
Moreover this vector a is the only solution of (3.6), for if we had two
solutions we would have

a+ f(a) = b = a* + f(a*)
and
a — a* = f(a*) — f(a)
and
lle = | = lll/(2) = fa)| = N[l — o¥||

so that [ —a*||=0and a =a*.

Hence the transformation T, is 1-to-1, taking all #-dimensional vectors
a into all n-dimensional vectors b.

This can also be stated thus: T, is 1-to-1, taking all n#-dimensional
polygonal functions x, of C into all #-dimensional polygonal functions y, of
C. Thus a transformation 73! is defined which takes all #-dimensional polyg-
onal functions ¥, of C into all #n-dimensional polygonal functions x, of C:

(3.11) T (Ya) = %n.

Moreover if ¥} has the transform x}, by (3.11) we have

VYn = % + [A(xnl )]ﬂ and y: = x:+ [A(x:l ')]m

SO
Zn— @ = 9n — ¥a — (A& ] ) ]n + [A(za] )],
and by (3.9)
[l = alll < llyn = walll + Nl = |
so that
(3.12) ll#n = all = (@ = N)lyn = wall.

Thus we have the following lemma.

LeMmMA 3. Let A(xlt) be defined on CQ®I and satisfy (2.1), (2.2), (2.3);
let n be fixed, and let f®(as, - - -, a,) bedefined as in (3.7). Then f satisfies the
Lipschitz condition (3.9) (with (3.8)). Moreover the transformation T,: b=a
+f(a) is a 1-to-1 transformation of the whole n-dimensional space into itself;
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or if we interpret T, as in (3.4), it takes the set of all n-dimensional polygonal
functions in C into itself.
Finally if T;* (see (3.11)) denotes the inverse of T, (see 3.4)), we have for
all polygonal functions y. and v} in C the Lipschitz condition
N1, % —1 —1,
T2 ) = T (all = @ =N {flym — 2l
Here \ is the number given in the hypothesis (2.2).

4. We now use Lemma 3 to obtain our first preliminary theorem on the
transformation of Wiener integrals.

THEOREM I. Let A(xlt) be defined on C®I and satisfy (2.1), (2.2), (2.3)
and let fP(ay, - - -, a.) be defined by (3.7). Let 9f/day. exist and be continu-
ous for all j, k, n and all values of ay, as, - - -, a. Let

(n)
of;
4.1) An = A,(x) = determinant of {f+) + 5,’.1:}]
aa,," MW=z (kfn)

(j’k=]_,...’n).
Let F[y] be any functional for which F|y,) is summable over C. Then

fch(y,.)dwy =fcmF{xn + [AGx] )]}

o2 L) (-
)
Slk

We prove this theorem by evaluating both sides of (4.2) in terms of #-di-
mensional Lebesgue integrals. Since F(y,) depends only on the values of y(-)
at the » points 1/xn, 2/n, - - -+, n/n, it follows that there exists a function

(4.2) — Al %

o e B )

. | A.(x) | dyx.

H(m, - - -, 7.) of n real variables such that
(4.3) F[ Zawim] = om0
Jj=1

that is, such that

o= a[(2) ()
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Then by Wiener’s general theory,

f F()’n)dw)’ = 7‘.—11/2nn/2f ct f H(nlv Tt ﬂn)
c -0 —o0

- exp {"” > (i — ﬂi—l)2} dny - - - dn,

i=1

(4.4)

where for convenience we use 7o=0.
Now subject the 7's to the 1-to-1 transformation of §3 (Lemma 3) 5,=
£i+f§n)(£11 R Eﬂ) where

P B = A( > Eretn sl ]—) :
k=1 n

Under this transformation the second member of (4.4) becomes

n (n)

n/2 © 0
(—) f "'f H(El+f:”)(zl»"'9£n)""vEn+fn (Elt"'rin))

g —

(4.5) exp {—ni (& — £ } exp {—2n > G- (- f,fii)}

i=1
()

(n)
a .
det { f’ + 5i.k}
1338 fk=1,2,00,m
where we have used f;* =£,=0.

When we transform (4.5) back to a Wiener integral over C, we obtain
the right-hand member of (4.2).

5. We shall of course seek to obtain an infinite-dimensional theorem from
Theorem I by taking the limit as #n— «. Before we do this, we must study
A(x,,l -) and its behavior as n—  more extensively. We now require the
assumption of §1 that A is of smooth variation.

-exp {—n > - f;i)l)z} dty - - - by,

=1

LEMMA 4. Let A (x| £) be of smoothvariation on S® I (where S isa (uniformly)
open convex subset of C) and let its kernel K have a partial derivative K (x|t, s)
which is continuous for all (x, t, s) in S® I? (uniform topology for x), and let
aA(on t) /0t exist and be continuous for all t in I and some fixed xo in S. Then
if x, is the n-dimensional polygonalization of x (given by (3.2) and (3.3)), for

each x in S we have
j j_l)]z fll:a 12
— ) — Al %, = — A(x| ?) | ds.
n) (x n o LO¢ ( l)_l

(5.1) lim % ), [A <xn
n—w j=1

To see this, we first note by Corollary 4 to Lemma 1 that At(x| t) exists
and is continuous throughout S®1I and that if x&S then for sufficiently
large 7, x,€S. By the mean value theorem, the limitand of (5.1) is equal to
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1 2 i —1 j
(5.2) - Z{ A(xnl t, n)} ]——_ < ti.n < 'J_‘
n n

N =1

Now

(5.3) ’fo{ A(x]t)}dt——i—i{ A(xnlt,n)}|S|A1|+|A2|,

i=1

A1=fol{ A(x|t)} dz——;—g{ A(xlt,,.)}

Az——z{ A(x]t,,.)} —-—Z{ A(:wc,.lt,,.)}2

1=1 =1

where
and

Now let €>0. Then by definition of the integral there exists an index
N!,such that | 4, <e/2 for n> N!,. Also by Corollary 4 toLemma 1, A(x| -)
is continuous (uniform topology), and there exists an index N}’ such that

{% Ax] t)}z— {% A% | t)}2

Hence lAzl <e¢/2 for n> N/}, and Lemma 4 holds.

€ ”n .
<—2— when # > N, . ¢tin I.

LEMMA 5. Let A and S satzsfy the hypotheses of Lemma 4 and in addition
assume thatA:(xo| t)yisof B.V.in I and K,[xlt s]isof B.V.intfor (x,s) ESQTI
and that maxicr | Ke[x|t, s]| and Varigr [Ki(x|t, 5)] are bounded (x, s) on

SQ®I. Then for each x in S,
e 2[4 (=) =2 = EAIA) -+ ()]
= f [ A(xlt)]dx(t)

To establish this lemma, we note from Corollary 4 of Lemma 1 that
A,(xl t) exists and is continuous throughout S®1I and is of B.V. in ¢ for each
x in S. By the mean value theorem, the limitand of (5.4) is equal to

P.(x) = é[:% e ti.n)] [x(%) - x( ; I)ZI,

. .
I <<l

(5.4)

n
Thus
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(5.5) fol [%A(xh)]dx(t) — Py(%) | = | Bi| +] Bs],
where
B, = By(x, n) .
=[] [Gacto oo - 2G| [+(3) - +(57)]
By = By(x, n)

£ [t ][+ (5]

Now by the definition of a Riemann-Stieltjes integral the expression B, ap-
proaches zero for each x in Cas n— «. Moreover by Corollary 4 to Lemma 1,

a3 d
Qjin(x) = Py Az | tim) — ” Az | 25.m)

=fl de1 K2, + (2 — )V | tjm, s][2(s) — 2a(s)]ds

Also
Ea, .,(x)[ ( ) ( ;1)]
= Qua(2)2(1) + E (2 — ﬂzm]x( )
SO

n—1 : 1 1
| Ba| S | Qn(®)a()) | + 3 x(—’n—) v [ Kl + (= = 2V | b5 5]
0 0

— Kifza + (2 — )V | tigrm s]|- | 2(5) — xa(s) | ds

1 1
< | Qua(x)2(1) l+laaealx | =) |- fo deo Yea}' [Ke[2n + (x — 2)V | 8, 5]
| 2(s) — xu(s) l ds

§{(l§n%x | Kelom+ (2 — 2V |, 5] - | 2(1) | + |[]]

- max Var [Kulot G = =0V |4 D}l = ol
sVER €1
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But the last factor of the product approaches 0 as n— « since x(¢) is uniformly
continuous; while the first factor remains bounded because of the hypotheses
on K, Thus |Bz| —0 as n—», and by (5.5)

P,(x) — f [ A(x|t)]dx(t)

so the lemma is established.

COROLLARY. The limit in (5.4) is approached boundedly in S if S is bounded
in the uniform topology and contains with each x all its polygonalizations x.,.

This follows from the inequalities

| Po(x) | = l[ A% | ta, ,,)]x(l)-l-z:[ A% | tin) — ;A(xnl tita, n)] (i)‘

i=1

| w1 |+ |nxmz

e [af“xn' ]

together with Corollary 4 of Lemma 1.
6. We next study the approximation of the Fredholm determinant by
determinants involving polygonalized functions.

'—A(xnlt,. |

I tim) — :,;‘A(xn l tivim)

s [l {7 Aten] 0

LLEMMA 6. Let A and S satisfy the hypotheses of Lemma 4, let
max(t,,)enl K (x[ t, s)I be bounded in every uniformly bounded subset of S, and
let

A" = A"(x) = det {af,(ﬂ) + 61 k} ir k = ly STty n’
™, (k) (k)
a =x{— )= %\— ),
n n
- s(Forso]2).
n k1 n

1—|nt— k| for(k—1)/n<t< (k+ 1)/n,

0 elsewhere.

where

(n) , (n) (n)

(61) fl(l 1"'7")—A(xn

and
o, k(8) = {

Then for eack x in S
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6.2) lim A,(x) = D(x),

n— o

where D(x) is the Fredholm determinant of K (x| t, s) corresponding to the value
A=—1:

1 1

L |
(6.3) D(x) =1+, — B 1 dsy - - - ds,.
w=t BT ° K(xl Suy S1) * - K(x] Suy Su)

For the proof, we note from (6.1) and (1.7) that
(n)

9 1 n n n N
ﬁ_ _—..f K( a,f )a,,',.(~) + (1;(c )a,,,k(-)l—]—: s>a,.,k(s)ds
] v=1,v%k n

dal™
-, s) a,, k(s)ds

1

=f K(x,. J

0 n
(k+1)/n ]

=f K(x,, —,s)(l—lns—kl)ds.
(k—1) /n n

For convenience we write

) (k+1)/n
(6.4) A,‘,k(x) = K Xn
(

k-1)/n

i’n)(l—lnn—kl)dn
n

so that A,(x) may be written as

(n) }
’

(6.5) An(%) = det {Ajx(x) + 65k k=1, n

The proof of Lemma 6 will depend upon two other lemmas which we next
state and prove. These lemmas are entirely similar in statement and proof
to two lemmas proved in [1b, Lemmas 3 and 4].

7. LEMMA 7. Let A, S and K be given as tn Lemma 6. With each point
(¢, s) of I? associate two sequences of positive integers { Fa(t) } , {k,.(s) } with

Ja(t) = n, 14 ku(s) S m, n=12---,
and assume that
lim 3 _ . lm ka(s) _ s wniformly in 1.
now % noo N
Then for eack x in S |
(7.1) Jim nd o taw(®) = K(x| 4, 5) uniformly for (¢, s) € I

For the proof, we first observe that
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(k+1)/n
(7.2) nf (= |ng— k| )dg =1
(

k—1)/n

and the integrand in (7.2) is non-negative in the range considered. Hence by
(6.4)

(n)
| 24 iy kp (%) — K(x| 8, 5) |

(kn(0)+1) [0 Ful®)
§f K(x,, , n)-—K(xIt, s)|n(1 — | nyg — Ea(s) | )an
(e (8)=1) /n
 (t
=< sup K(x,. 7(8) ’ "I) - K(xl ¢ s)
where the supremum is taken over
ka.(s) — 1 ka(s) + 1
1.3 ver, ser, 2O, RBOFL
n n

For each fixed x in C we shall show that this supremum approaches zero
as n— . For this purpose, note that

K(xn 7 ’ 77) - K(x| ,s)| = K(x,, j“r(:) ’ ni)—K(x j”f;) ’ n),
+ K(x j"(t); n)—K(xlt, s)|.

By the definition of a functional of smooth variation, we know that K (x| ¢ s)
is continuous in (x, ¢, s) on S® I%. Moreover we noted in the paragraph after
the definition that this implies that for each x in S, K is continuous in x uni-
formly with respect to (¢, s) in I2. It is of course continuous in (¢, s) for each
fixed x. Hence if €>0 and x is any fixed element of C, there exists an index
N, such that

e (i
lK(xn](),n)—K(x]():n)‘<-e— forn = N,
n n 2
and
jn(t) €
K|x )7 —K(xlt,s)l<7 forn = N.,

the two inequalities holding throughout (7.3). This concludes the proof of
Lemma 7.

LeEMMA 8. If N is a fixed positive integer and ¢, - - - , gn @ permutation of
1, + - -, N, then with the hypotheses and notation of Lemma 7 we have for each
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xin S
. = 4™
lim > Ay, p,,(x) f f H K(x Sqy sdsy (b = Pq,‘)-
n—wo Ppacey pN-l u_l pe=1

The proof of this lemma is identical with the proof of Lemma 4 of [1b]
and is therefore omitted.
COROLLARY TO LEMMA 8. For each x in S,

n

lim E [det (Ap. p,(x)): j=l,e+, N]
7.4 no0 pL e, pyml
.4 K(x| s, S2) + -+ K(x]| 81, sw)

. 1 1
=f ...f ............ dS],“'dSN.
[] []

K(xl SNy S1) + v K(xl SN, SN)
8. We now continue with the proof of Lemma 6. By (6.4) and (7.2) we

see that
K (x,. -Z—) n)l
n

and since K (x[ t, s) is continuous in x uniformly in s and ¢, and for each fixed
x in C, continuous in s and ¢, it follows that

(n)
(8.1) | nd jx (%) I = max
(k—=1)/nS9S (k+1) /n

(8.2) nd (%)

for each fixed x is bounded in %, j and ,k. Cali its bound M(x). Then the
remainder of the proof of Lemma 6 follows as in [1b, §7, pp. 195, 196].

CoOROLLARY TO LEMMA 6. The limit in (6.2) is approached boundedly in S
provided that K (x|t s) s bounded in SQ®I? and S contains with each x all its
polygonalizations x..

For let
| K(x] 2, s) I < B whenever (2,5, €S5S ® I
Then when x€S, it follows from (8.1) that
(8.3) | | ndsi(z)| < B.
But by Hadamard’s lemma,

1/2

| det {42+ 554} = H(Z [45 +5f.k]’) )

je=1

so by (6.5) and (8.3) we see that when xE.S,
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s (5 )

=1\ k=1
n BZ B 1/2 n ZB + B2 1/2
o (R R RS RS | (Rt
j=1 n n j=1 n
- [(1+ Y e,
n

so A,(x) is bounded in S.
9. We can now establish a limiting form of Theorem I as n— x,

THEOREM II. Let A(xl t) be defined on CQI and be of smooth variation with
kernel K (xI t, s) defined on CQI2. For some fixed xo & C, let A(xol )EC and let
A,(xol t) exist and be continuous and of bounded variation in ¢t on I. Let
K(x]|0,s)=00n CQI, let [f§ [K(x|t, s)]2ds]2 <\ <1 for (x, t) on CQI, and
let K ,(xl t, s) exist and be continuous in (x, t, s) (with respect to the uniform
topology so far as x is concerned) in CQ®I2 Let K ,(xl t, s) be of B.V. in ¢ for
(x, s) in C®I and let sup.er Var:er [Ki(x|t, s)] and maxa.ner | Ki(x|t, s)|
be bounded in x for every uniformly bounded subset of C. Let D(x) be the Fred-
holm determinant of K (xI t, s) corresponding to the value —1 of the parameter:
that s, let

o 1 . . K(xlsl,sl)”- K(x]sl,s,.)
(9.1) D(x) =1+ — B I T dsy - - - ds,.

u=1 M- 0 0
K(xl Suy S1) " K(xl Suy Su)

Finally, let F(y) be a Wiener measurable functional over C. Then the following
equation is true in the sense that the existence of either side implies that of the
other and thetr equality:

fc F(y)dwy =fc Fix + AGx| )}

9.2) exp {—2 f 01 [% Az t)] dx(t) — fo l[% A= t)]zdt}
| D(x) | dw.

We first prove this theorem under stronger hypotheses on F. We assume
(as Case I) that F(y) is continuous in the uniform topology and bounded over
C and that it vanishes outside an open uniform sphere J whose center we
take for convenience as A(0| -); that is, the value of A when x=0; and whose
radius we shall call R. Thus we assume F(y)=0 when y&J, where
J :my—A(0| Il <R. We readily verify that A and F satisfy the hypotheses
of Theorem I. For it follows from Corollary 2 of Lemma 1 that A satisfies
(2.1), and from Corollary 3 that A satisfies (2.2) and (2.3). Hence from
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Theorem I we obtain (4.2), and we proceed to take the limit on both sides as
n—o,

The continuity of Fimplies that F(y,)—F(y) as n— », and its bounded-
ness permits us to use the principle of bounded convergence and proceed to
the limit. We see that the limit of the left member of (4.2) is the left member
of (9.2).

We next seek to establish the same result for the right member. We note
by (2.2) that A(xnlt)—>A(x|t) uniformly in ¢, and since A(xlt) is uniformly
continuous in £, [A(x,.l t)]n—u\(xl t) uniformly in ¢ for each x. Thus for fixed x,
F{xa+[A(xa] -) ]} = F[x+A(x| )}, so that the left factor of the right inte-
grand of (4.2) approaches the desired limit. We note also from Lemmas 4
and 5 that for each fixed x, the exponential factors in the right-hand integral
approach the right limits. (In applying Lemmas 4 and 5 we may choose S as
any sphere in the uniform topology which has its center at the origin and
contains the particular x in question.) Finally, Lemma 6 (with the same
choice of S) shows that the last factor of the right-hand integrand of (4.2)
approaches the corresponding factor in (9.2). Thus we have convergence to
the right limit for each x of the integrand on the right, and we need only
show that the integrand on the right of (4.2) is bounded in x and #.

We first establish boundedness of the integrand when x&.S;, where S
is an open sphere in the uniform topology about the origin with radius
R/(1—=N\):

R
sie Il < ==
In S;, by the corollary to Lemma 6 (in §8), we have that D(x) is bounded.
The exponential factors are also bounded, by the corollary to Lemma 5 and
the fact that the exponents which are sums of squares are preceded by minus
signs. Moreover F is bounded everywhere, so the integrand of the right
member of (4.2) is bounded, when x&.S;. Let B be its bound.

Next let x* and »#* be such that xX% is in S; but x* is not in S;. Then the
integrand does not exceed B when x =% since the latter is in S;. But when
n=n*, the value of the integrand when x =x* is the same as when x =x3,
since the right member of (4.2) depends only on x, and not directly on x.
Thus the bound B persists in this case, and we need to consider only the case
when x and # are such that x, & S;. But when x, &S, y.=x.+ [A(x,.l D&,
since if vy, were in J, we would have Hlyn-—A(OI ~)!H<R and by Lemma 3
(or 3.12)), we would have [|x,—O0J| <R/(1—X) and x, would be in Si. Thus
when %, €& S, ¥.€J, and F(y,) = F[x.~+ [A(x.] -)]a] =0, and the integrand on
the right of (4.2) vanishes. We have therefore shown that this integrand is
bounded in x and # for all x in C and all positive integers » with bound B,
and hence by bounded convergence we see that the right member of (4.2)
approaches the right member of (9.2), and (9.2) is established. Thus Theorem
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Il is established under the extra assumptions of Case I.

We remove the extra assumptions of Case I in the usual way. (See [1a,
§5] and [1b, §11].)

A consideration of the steps of the proof just completed yields the follow-
ing corollary to Theorem 2.

COROLLARY. If I' ¢s @ Wiener measurable $ubset of C, so are TT and T'T,
where T is given by (1.1).

10. So far our transformation theorems have been applied only to trans-
formations of the whole of C into the whole of C. In order to deal with other
domains and ranges, we shall next seek to establish a “local” theorem having
to do with transformations of “sufficiently small” regions. Moreover in our
“local” theorem the condition that (/f; [K(xlt, s)]2ds)V2 <A <1 will be re-
placed by the condition that (J§ [K(x|¢, 5)]%ds)V? be locally bounded and
A(x0|£) =0 for ¢ in I and K(xo|#, s) =0 for (¢, s) in I This change to “local”
hypotheses is made possible by a modification of the kernel K which is de-
scribed in the following lemma.

LEMMA 9. Let S be an open sphere in the Hilbert topology with center xo
and radius r, and let A(xl t) be of smooth variation in SQ® I with kernel K (x| t,s).
Let A(xolt)=0for tin I and K(xo[t, s)=0 for (¢, s) in I? and K(x]O, s)=0
for (x,s) in S®I. Let Kt(x| t, s) exist and be continuous in (x, t, s) (uniform
topology for x) in S®I?, let Ki(x|t, s) be of B.V. in t for (x, s) in S®I, let
maxq,nen | K(*|t, 5)|, maxe.nen | Ki(x|t, s)| and sup,er Varier [Ki(x|t, s)]
be bounded in every uniformly bounded subset of S, and let ([} [K (x| ¢, s)]2ds)v2
be bounded and continuous in the Hilbert topology in S @ I. Let Y (u) be a monotonic
function of the non-negative real variable u which has a continuous first deriva-
tive for all u=0 and satisfies

(10.1) V) = {1, 0=su=1,
0, 2= u< oo,

and let

(10.2) K] 8) = M| o[ = — )

where

(10.3) 0> 2/r

and A(x| t) s defined to be zero when x & S.

Then Af,"(xl t) satisfies all the hypotheses given above for A(xI t) with S replaced
by C, and in addition there exists a number 8o >2/r such that when 0>00, A¥ (x| 1)
satisfies the condition

(10.4) (fol (K3 (x] ¢, s)]zds>mg A<, (x,) EC®I,
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where K is the kernel of the variation of AS.

To verify that AJ satisfies all the hypotheses in C®I, we first calculate
the variation of Aj and its kernel Kj. Thus if we let

o(u) = {W (u)/u when % > 0,

0 when # = 0

we note that ¢(%) is continuous and we have when xS, by (1.2), (1.3), and
(1.4),

shs (2] t] %)
s (] 0 )]

= oA(x| t] 3)-w(0]|x — xd])

+ 4 (| o6l — mper [ 19— 209 ly(e)ds
= 90| % — o) f K(z| 4, $)y(s)ds
+ 02A(x| t)¢(0“x - xo“)fo [x(s) = xo(s) ]y(s)ds

= f l K:(xl t, s)y(s)ds,
0

where
K:(xl t,5) = P(||x — xof|)K(2] ¢ 5)
(10.5) + 02A(x| t)¢(0]|x — xo“) [x(s) — xo(s)]
when (2,4, 5) €S5S ® I

(The second term vanishes as it should when x =x,, for Ay =A in the neighbor-
hood of this point by (10.1).) Again, if x&S, Ix—xo“gr and 0“x—xo”>2
by (10.3), so ¥(68]|x —x||) =0 by (10.1) and A¥(x|#) =0 by (10.2). Thus if we
take K}(x|¢, s) =0 when x&.S, we have

(10.6) A5 (x| tI ¥) =fl K:(xl ¢, 5)y(s)ds when (2, v, ) EC?2 Q I.

Moreover (10.5) will still hold if K is defined in any arbitrary way when
x&S since Yy =¢=0 there. In particular, we may take K=0 when x&S,
and we then have (10.5) and (10.6) holding universally.

Now continuity of K,’,"(xl ¢, s) in (x, ¢, s) (in the uniform topology for x)
follows from (10.5) at all points where K (xI t, s) is continuous; that is, unless
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|2 —xo|| =7. But when ||x —x|| =7, 8]|x —x0|| >2, and this is also true in some
uniform neighborhood of the point x, so that y =¢=0 and K;"(xlt, 5)=0
throughout some neighborhood of the point. Then even on the boundary of
S where ”x—xo” =r, Kj is continuous in (x, ¢, s), and it follows that A} is a
functional of smooth variation in C®I with K as its variation kernel. We
can then easily verify from (10.5) and from corollaries of Lemma 1 that Af
satisfies in C®I all the hypotheses required of A in S®I (keeping in mind
that K vanishes when «x is in a sufficiently small uniform neighborhood of a
boundary point of .S).

It remains to verify (10.4) for sufficiently great 6. Let us therefore choose
N on the interval 0 <A <1, and hold it fixed throughout the remainder of this
discussion. From (10.5) and the Minkowski inequality we have

( f 01 [K*(x] ¢, s)]2d3>m§ ¥« — x01|)< f 01 [K(x] ¢, s)]zds)m

+ 6°A(2| 960l x — xdl])||x — xd
1 1/2
= '//(0”90 - on)(fo [K(x] ¢, s)]ﬁds)

+ 6A(x | Y/ (6]|« — d]).

Now because of the continuity of (f} [K(x| ¢, s) ]2ds) V2 (Hilbert topology in
x), the quantity

(10.7)

o) = max [ (&Gt 9pas)

is continuous in x (Hilbert topology), in particular at x =x,. Since Q(x) =0,
we can choose p(8) >0 (for 6>0) such that p(8)—0 steadily when §—0t,
and | Q(x)| p(8) when [[x—x| §; so

| Q) | = o(l|x — =)

From (1.4) and the hypothesis that A(xo| t) =0 and the Schwarz inequality we
have

| Ax] £)| < max | Q(xo + V(x — 20)) | ]| — o]
ver
= max o(V][x — all)- |2 — =l = olz ~ xol)Jlx ~ =l
Thus we have from (10.7)
(fl [K:(xl ¢, s)]2¢i.v)l/2
0

10.8
(10-8) < Wz — adl) + 6|z — =oy@x — wd)lolllx ~ o).
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Here the first factor on the right is zero when 6||x —xo||=2, and hence in
finding an estimate for the left member, we may assume that ||x —xo|| <2,
so that

(10.9) ( fo l [Ke*(x]| ¢, s)]z)”2 < [1 +2 max w(u)] p(—j—) for all x.

But since p(%#)—0 as #—0%, we can find 0o so great that when 8 >0,, the right
member of (10.9) is less than A. Thus (10.4) holds and the lemma is proved.

11. We now employ Lemma 9 to prove the following local transformation
theorem.

THEOREM I1I. Let S be an open sphere in the Hilbert topology with center
xo and radius r, and let A(x|t) be of smooth variation in SQI with kernel
K (x] t, s). We also make the following assumptions:

(11.1) A(xo|8) =0 for tinI.
(11.2) K(xo|t, s) =0 for (¢, 5) in I*.
(11.3) K(z|0,5) =0 for (x,5) inS ® I.

(11.4) If €>0, there exists a positive number () such that
1
f {K(x1] 81, 5) — K(22| t2, $)}%ds < e
[}

whenever [¢ [x1(8) —x2(£) 12t <8(e) and |t,—12| <3(e).

(11.5) Kg(xl t, s) exists and is continuous (uniform topology for x) in
S®I%

(11.6) f2 [K(x|t, 5)]%ds is bounded in S®I.

(11.7) maxe,nern |K(x|t, s)], maxe,ner |K‘(x|t, s)l and in every uni-
formly bounded subset of S, max,cr Varicr [Ki(x|t, s)] are bounded.

Under these conditions there exists a positive number ro such that if I' is any
Wiener measurable subset of the Hilbert sphere

So: ”x - xo“ <7

then TT is also Wiener measurable and the following equation holds whenever
F(y) is a functional that is Wiener measurable on TT which makes at least one
side of the equation exist:

f; F(y)dwy =fr Flx + Alx] )}

(11.8) exp {_2 fol [% Ax] ,)] dx(f) — fo l [% Az z)] Zdt}

.| D(x) | dwx.
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Here TT s understood to be the set of values assumed by T(x) =x+A(xI -)
as x assumes all values in T, and D(x) is the Fredholm determinant of K (x| ¢, s)
as given in (9.1).

REMARK. We note that conditions (11.4) and (11.6) imply in particular
that the integral [} [K (x|t, s)]2ds is continuous in (x, £) (Hilbert topology
for x) in S®1I.

This theorem follows readily from Theorem II and Lemma 9. We first
choose A on 0 <A <1 and the function ¥(%) of Lemma 9, and then we define
A (x|2) by (10.2) and choose 8 so that when 8>8o, all the conclusions of
Lemma 9 hold, including (10.4). Then A (x| ) and the kernel of its variation
K;’(xl t, s) satisfy all the hypotheses imposed on A and K in Theorem II, so
for suitable functions F the conclusion (9.2) holds with Af replacing A. Now
choose 6,>00, and choose ro=1/8,. This 7o satisfies the conditions of the
theorem, for when x &Sy, where So: ||x—xo|| <70, we have 8]|x —x|| <1 and
by (10.2) and (10.1), A%(x|#) =A(x|¢). Taking T as any Wiener measurable
subset of Sy we have TT measurable; and if F is any Wiener measurable
functional which vanishes outside TT, we see that (9.2) holds in terms of Aj
if either side exists, and (9.2) reduces to (11.8). Thus the theorem is estab-
lished.

12. For later use we now state a theorem on linear transformations which
was recently proved [1b]. (The theorem actually obtained in the paper just
referred to is a slightly more general one than the one we are stating here.
The present form is simpler to state and sufficient for our present purposes.)

THEOREM A. Let x1(t) be a function of C whose first derivative x{(t) exists and
is of bounded variation on I. Let K,(¢, s) be defined tn I* and assume that the
following conditions are satisfied:

(12.1) Ki(¢, s) is continuous in I2,
(12.2) For each s in I, OK.\(t, s)/0t exists and is of bounded variation for
ton I,

1
(12.3) f sup
0 &l

(12.4) D150, where D: is the Fredholm determinant of K'(t, s) with
parameter (—1).
Let T, be the linear transformation:

i) 1 a
— K12, 5) |ds < =, f Var [— Ki(t, s)] ds < o,
at ° at

eI

(12.5) Ti: y(@) = x() + x.0) +f1 K(¢, s)x(s)ds.

Then the following equality holds whenever U is any Wiener measurable subset
of C and F(y) is a functional which is Wiener measurable on T1\'U which makes
at least one side of the equation exist:
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T;f(y)dwy =|D| f;F[x+ %1 +f,,1 Ki(-, s)x(s)ds]

(1276) -exp {—Zfol I:xl’(t) + -‘%fol K., s)x(s)ds:l dx(t)

_ fo 1 [xlf(;) + % fo 'K s)x(s)ds] zdt}dwx.

13. Our next goal is to prove the following theorem which is just like
Theorem III except that assumptions (11.1) and (11.2) are replaced by
(13.1) A(xol EC, BA(xo| t) /0t exists and is of bounded variation on I, and

(13.2) D(o) = 0.

TrEOREM IV. The conclusion of Theorem 111 holds if the assumptions (11.1)
and (11.2) are replaced by (13.1) and (13.2) and the remaining assumptions
are unchanged.

The following brief outline of the proof will be helpful before we give the
actual proof. Let T be the linear transformation “tangent” to T at xo:

(13.3) Ty y(t) = x() + Au(x] 2)

where
- (13.9) AM(x| ) = A(xo] 2) +f1 K(%o] t, s)[2(s) — xo(s) ]ds

and let T7! be its inverse. Define
(13.5) Ty=T7T.

We shall show that the linear transformation (13.3) satisfies the hy-
potheses of Theorem A and that the transformation T, satisfies the hy-
potheses of Theorem III. On applying successively the two transformations
T: and T; we shall then show that we are led to the desired result (Theorem
IV) for the product T=T1,T5.

We now carry out the steps of the proof.

LeMMA 10. Under the hypotheses of Theorem IV the linear transformation
T defined in (13.3) salisfies the hypotheses of Theorem A.

Proof. We first note by (13.1), (11.5), and (11.7) that the function

(13.6) x(f) = A(xol 1) — f lK(xol 8, s)xo(s)ds

is a function of C whose first derivative exists and is of bounded variation
on I. Also since A(xl t) is of smooth variation in S®I with kernel K (xl ¢, s)
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it follows that the kernel
(13.7) Ki(t, 5) = K(x0] ¢, s)

satisfies condition (12.1) of Theorem A. Conditions (12.2) and (12.3) are
implied by (11.5) and (11.7). Finally we note that D, = D(x) 0 and the proof
of Lemma 10 is complete.

Since D(x0) 70 the linear transformation T; of (13.3) has a unique in-
verse T7! and by known results (see, for example [4, pp. 216-218]), the in-
verse is given by

(13.8) T:lz y(t) = 3(t) — A(xol t) +j\l K_l(t, 5) [2(s) — xo(s) — A(xol s) |ds,

where K-1(t, 5) is the Volterra reciprocal kernel of K(xo|t, s) with parameter
(—1). Also K~1(¢, s) is continuous and K and K—! satisfy the two relations

(13.9) K-\t 5) + K(o 4, 5)

1 .
- f K14, w)K (x| 1, 5)du
0

(13.10) - f " K-, $)K (o] 1, w)du,
0

With this 77! we form the transformation T;= 77" and prove:

LEMMA 11. Under the hypotheses of Theorem 1V the transformation To=T7'T
satisfies the hypotheses of Theorem I1I.

Proof. By (13.8) and (1.1) it is easily seen that T3 is given by
(13.11) Ty: y(§) = x(t) + Ao(2] )
where
Aoz | ) = A(x] ) — Ao | 9)

(13.12) + f‘ K1, 5)[#(s) + Az | 5) = xo(s) — Alzo] 5))ds.

We next show that A; is of smooth variation in S®I and we determine its
kernel. By (13.12) and (1.3)

-:—vAz(x + 'vy| )]omo = j:)l K(xl ¢, s)y(s)ds
1 1
(13.13) +f K-1(t, s) l.y(s) +f K(x|s, u)y(u)du] ds
0 L 0

-[ " Ka(z] 1, 5)y(s)ds
0
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where
1

(13.14) Ka(x|t, 5) = K(z| 8, s) + K1, 5) + f K-, w(K (x| w, s)du.
[}

Obviously Kz(xl t, s) is continuous in S® I2. Hence A; is of smooth variation
in S®I with kernel (13.14).

By (13.12) we see that Ag(xol t) =0 for ¢ in I, and hence T, satisfies con-
dition (11.1) of Theorem III.

By (13.14) and (13.9), Kz(xolt, s)=0, and hence T satisfies condition
(11.2) of Theorem III.

By (13.14) and (11.3)

Ka(x]0,s) = K(x]| 0, 5) + K10, 5) + f 1K—l(o, WK (x| u, s)du
0

1
= K70, s) +f K—1(0, u)K(xI u, s)du
0
and by (13.10) and (11.3)

K10, s) = K710, s) +‘K(xo| 0,s) = —fl K (u, s)K(on 0, #)du = 0
0

and hence K, satisfies condition (11.3).

Properties (11.4) and (11.6) for K, follow at once from the same proper-
ties of K and the continuity of K-1(¢, s) in I2

To see that K, satisfies condition (11.5) we first note that (13.10) together
with (11.5) for K ensures that dK—1(¢, s)/0¢ exists and is continuous in I2
Using this and (11.5) for K and the definition (13.14) for K;, we see that K,
satisfies (11.5). Similarly we see that K, satisfies the first two parts of condi-
tion (11.7).

For the third part of condition (11.7) we first note that by (13.10)

d
sup Var [— K14, s)] < o,
s€I 1 Lot

Using this and the fact that K satisfies (the third part of) condition (11.7)
we see that Kj satisfies the third part of condition (11.7).

This concludes the proof of Lemma 11.

We need a third lemma before proceeding with the proof of Theorem IV

itself.
LEMMA 12. Let Ty and T be defined as in (13.3) and (13.11). Then
(13.15) A(z| 8) = Ao(x| ) + Aslx + Ao(x]| )| £]

and
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(13.16) D(x) = D(xo)D2(x).

Proof. By definition (see (13.5)) T12Te.=T1(T7'T) =T and hence by (13.3)
and (13.11), (13.15) holds.

Next, a classical result on Fredholm determinants (see, for example,
[2, p. 467]) states that if f(¢, s) and g(¢, s) are continuous functions on I? and
if Dy and D, are their Fredholm determinants formed with the parameter
(—1), then the product DD, is the Fredholm determinant Dy of the kernel

86,9 = 16, 9) + ¢t 9) + [ fC w(w, i

Applying this first to (13.9) and then to (13.14) we see that Dy(x)=D(x)
[D(x0) ]-*. Hence (13.16) holds and the proof of Lemma 12 is complete.

We now proceed with the proof of Theorem IV itself. By Lemma 11 and
Theorem III there exists a sphere Sy where Theorem III applies to T,. Let
T be a Wiener measurable subset of So and F(y) a functional which is Wiener
summable on TT. Then by Lemma 9 and Theorem A and the fact that
T =TT, we have

f'” F(y)dwy = | D(xo) If Flo + Ax(z| )]
T r,T

-exp { 2f [ Al(x| t)]dx(t) —fol I:% Al(xl t):rdt} dyx

By Lemma 11 (and Theorem III) this is equal to

(13.17)

w w
fTPF(y)dWy =lD(xo)|f F{z + As(x| -) + Aa[z + Ae(x] )| - ]}

exp{ —Zf [ Ax(x + Ag(x| -) | t):l de[2() + As(x]|9)]

—-f [ Ax(x + Ag(z]| - )|t)]dt}
exp{ 2f [ Ag(x] t)-l dx(t)
—f [ A,(xlt)] dt}IDz(x)|d z.

By Lemma 12 this yields the desired conclusion (11.8) whenever F(y) is
Wiener summable on TT. If, on the other hand, we assume that F(y) is
Wiener measurable on TT and that the right member of (11.8) exists, then
by Lemma 11 and Theorem III the right member of (13.17) exists and, by

(13.18)
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Lemma 9 and Theorem A, F(y) is Wiener summable on TT. This com-
pletes the proof of Theorem IV.

14. We shall now prove a transformation theorem in the large for any
transformation which satisfies the hypotheses of Theorem IV locally and
which is 1-to-1 in the large. More precisely, we shall prove:

THEOREM V. Let T' be any Wiener measurable set and assume that the trans-
Sformation T: y(t) =x(¢) +A(x| t) is such that A(x] t) is of smooth variation in a
Hilbert neighborhood S =S(xo) of each point xo of I'. Assume further that condi-
tions (13.1), (13.2), (11.3), - - -, (11.7) hold in S(xo) for each xo in I'. Finally
assume that T carries T' in a 1-to-1 manner into a subset TT of C. Then TT is
measurable and if F(y) is any Wiener measurable functional on TT which makes
either side of (11.8) exist, the other side also exists and they are equal.

Proof. First let us recall what Theorem IV allows us to conclude. If xy is
any point of our set I' then there exists a (Hilbert) neighborhood So(xo)
contained in S(xo) such that the desired transformation formula holds for
any Wiener measurable subset of So(xo) .Now let x;, x2, - - -+ be a countable
set of points of I' whose neighborhoods So(x1), So(x2), « + + cover I'. (Since C
is a separable metric space in the Hilbert topology, any covering can be
reduced to a countable covering and therefore such a set exists.) Denote by
N, the Hilbert neighborhood So(x,) just described. Then I'C Y_N,, and if
T.=N,-T, we have I'= > T,. The desired transformation formula applies to
eachset T,— D 32iTy,n=1,2, - - - . (D2 T+ is understood to be the empty
set.) Since the Wiener integral is completely additive we may sum over »
and thus obtain (11.8) over our given set I if F is summable on TT.

We have, accordingly, shown that (11.8) holds under the hypotheses of
Theorem V whenever F(y) is Wiener summable over TT. If we assume
merely that F(y) is Wiener measurable over TT but that the right member
of (11.8) exists, then the right member and hence also the left member of
the corresponding equation with I replaced by I',— D -1 I'x exists and this
is true for each n=1, 2, - - - . On summing over # we conclude that F(y) is
Wiener summable on TT. This yields Theorem V in the form stated.
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